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Abstract. In this manuscript, we will present several new results in
finite and countable dimensional separable real Hilbert space phase re-
trieval and norm retrieval by fusion frames. We will characterize of norm
retrieval for fusion frames similar norm retrieval for vectors and we will
show that only one direction holds for fusion frames. Similar vector case
we will show that every tight fusion frame can do norm retrieval. Also
we will show that the unitary operators preserve phase (norm) retriev-
ability of fusion frames. We will provide numerous examples to show
that our results are best possible.

1. Introduction

Fusion frames are an emerging topic of frame theory, with applications to
communications and distributed processing. Fusion frames were introduced
by Casazza and Kutyniok in [7] and further developed in their joint paper
[8] with Li. The theory for fusion frames is available in arbitrary separable
Hilbert spaces (finite dimensional or not).

We first give the background material needed for the paper. Let H be
finite or infinite dimensional separable real Hilbert space and B(H) be the
class of all bounded linear operators defined on H. The natural numbers and
real numbers are denoted by “N” and “R”, respectively. We use [m] instead
of the set {1, 2, 3, . . . ,m} and use [{fi}i∈I ] instead of span{fi}i∈I where I
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is a finite or infinite subset of N. We denote by Rn a n dimensional real
Hilbert space. We start with the definition of a real Hilbert space frame.

Definition 1.1. A family of vectors {fi}i∈I in a finite or infinite dimensional
separable Hilbert space H is a frame if there are constants 0 < A ≤ B <∞
so that A‖f‖2 ≤

∑
i∈I |〈f, fi〉|2 ≤ B‖f‖2, for all f ∈ H. The constants A

and B are called the lower and upper frame bounds for {fi}i∈I , respectively.
If only an upper frame bound exists, then {fi}i∈I is called a B-Bessel set
or simply Bessel when the constant is implicit. If A = B, it is called an
A-tight frame and in case A = B = 1, it called a Parseval frame. The
values {〈f, fi〉}∞i=1 are called the frame coefficients of the vector f ∈ H.

Throughout the paper, {ei}ni=1 will be used to denote the canonical basis
for the real space Rn, i.e., a basis for which 〈ei, ej〉 = δi,j = 1 if i = j and
δi,j = 0 if i 6= j.

Definition 1.2. A family of vectors {fi}i∈I in a real Hilbert space H does
phase (norm) retrieval if whenever x, y ∈ H, satisfy
|〈x, fi〉| = |〈y, fi〉| for all i ∈ I, then x = ±y (‖x‖ = ‖y‖).

Phase retrieval was introduced in reference [2] . See reference [1] for an
introduction to norm retrieval.

Note that if {fi}i∈I does phase (norm) retrieval, then so does {aifi}i∈I
for any 0 < ai <∞ for all i ∈ I. But in the case where |I| =∞, we have to
be careful to maintain frame bounds. This always works if 0 < infi∈I ai ≤
supi∈Iai <∞. But this is not necessary in general.

The complement property is an essential issue here. Since in the finite
dimensional setting, frames are equivalent with spanning sets, We just give
the complement property in the finite case from [5].

Definition 1.3. A family of vectors {fk}mk=1 in Rn has the complement
property if for any subset I ⊂ [m],

either span{fk}k∈I = Rn or span{fk}k∈Ic = Rn.

The following result first appeared in [2]. This result is valid for infinite
case too.

Theorem 1.4. A family of vectors {fi}mi=1 in Rn does phase retrieval if and
only if it has the complement property.

2. Phase (norm) retrievable Fusion frames

Here {Wi}i∈I is a family of closed subspaces of H and {vi}i∈I is a family
of positive weights. Also we denote by Pi the orthogonal projection onto
Wi.

Definition 2.1. A family {(Wi, vi)}i∈I with Wi subspaces of H, vi weights,
and Pi the projection onto Wi, is a fusion frame for H if there exist con-
stants A,B > 0 such that A‖f‖2 ≤

∑
i∈I v

2
i ‖Pif‖2 ≤ B‖f‖2, for all f ∈ H.
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The constants A and B are called the fusion frames bounds. We also
refer to the fusion frames as {Pi, vi}i∈I or just {Pi}i∈I if the weights are all
one.

For more details on fusion frames, we recommend [7]. Improving and
extending the notions of phase and norm retrievability, we present the defi-
nition of phase (norm) retrievable to fusion frames.

Definition 2.2. A family of projections {Pi}i∈I in a real Hilbert space H
does phase (norm) retrieval if whenever x, y ∈ H, satisfy
‖Pix‖ = ‖Piy‖ for all i ∈ I, then x = ±y (‖x‖ = ‖y‖).

A fusion frame {(Wi, vi)}i∈I is phase (norm) retrievable for H if and only
if the family of projections {Pi}i∈I is phase (norm) retrievable for H, where
Pi = PWi is the orthogonal projection onto Wi (i ∈ I).

One part of the importance of fusion frames is that it is both necessary
and sufficient to be able to string together frames for each of the subspaces
Wk (with uniformly bounded frame constants) to get a frame for H which
is proved in [4]:

Theorem 2.3. Let {Wi}i∈I be subspaces of Rn. The following are equiva-
lent:

(1) {Wi}i∈I is phase retrievable.
(2) For every orthonormal basis {fij}j∈Ii for Wi, the family {fij}j∈Ii,i∈I

does phase retrieval.

We note that (2) of the above theorem must hold for every orthonormal
basis for the subspaces. For example, let {φi}3i=1 and {ψi}3i=1 be orthonormal
bases for R3 so that {φi}3i=1 ∪ {ψi}3i=1 is full spark. Let

W1 = [φ1] W2 = [φ2] W3 = [φ3] W4 = [ψ1, ψ2].

Then {Wi}4i=1 is a fusion frame for R3 and {φ1, φ2, φ3, ψ1, ψ2} is full spark
and so does phase retrieval for R3. But it is known that 4 subspaces of R3

cannot do phase retrieval [4].
The corresponding result for norm retrieval does not make sense, because

every orthonormal basis for a subspace does norm retrieval.
We can strengthen this theorem.

Theorem 2.4. Let {(Wk, vk)}k∈I be a phase (norm) retrievable fusion frame
for H and {fij}j∈Ii be a norm retrievable frame for Wi for i ∈ I. Then
{vifij}j∈Ii,i∈I is a phase (norm) retrievable frame for H.

The following theorem shows that the unitary operators preserve phase
(norm) retrievability of fusion frames.

Theorem 2.5. Let {(Wi, vi)}i∈I be a phase (norm) retrievable fusion frame
for H. If T ∈ B(H) is a unitary operator, then {(TWi, vi)}i∈I is also a
phase (norm) retrievable fusion frame.
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Theorem 2.6. Let {(Wi, vi)}i∈I be a norm retrievable fusion frame for a
Hilbert space H, with projections {Pi}i∈I . Let {Qi}i∈I be projections from
Wi to Wi, and let W ′

i = QiWi and W
′′
i = (I − Qi)Wi for all i ∈ I. Then

{(W ′
i , vi)}i∈I

⋃
{(W ′′

i , vi)}i∈I is a norm retrievable fusion frame for H.

The characterization of norm retrievable families of vectors first appeared
in [10].

Theorem 2.7. A family of vectors {fk}∞k=1 does norm retrieval for H if and

only if for any subset I ⊂ N, (span{fk}k∈I)⊥⊥ (span{fk}k∈Ic)⊥.
One direction of this implication holds for fusion frames.

Theorem 2.8. Let{Wi, vi}i∈I be a fusion frame in Rn. If {Wi, vi}i∈I does
norm retrieval, then whenever J ⊂ I, and x ⊥Wj for all j ∈ J and y ⊥Wj

for all j ∈ Jc, then x ⊥ y.
In contrast to the vector case, the converse of the above theorem fails in

general.

Theorem 2.9. If {Pi, vi}mi=1 is an A-tight fusion frame, then it does norm
retrieval.

Theorem 2.10. Let {ei}ni=1 be the canonical orthonormal basis for Rn. Let
{Ii}mi=1 be subsets of [n]. Let Wi = span{ej}j∈Ii , for all i ∈ [m]. Also let
Ji = (x1, x2, . . . , xn) where xk = 1 if k ∈ Ii and xk = 0 otherwise. Assume
there exists a natural number K and εi = ±1 so that∑m

i=1 εiJi = K(1, 1, . . . , 1) ∈ Rn. Then {Wi, vi}mi=1 does norm retrieval for
all 0 < vi <∞.
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