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ABSTRACT. In this paper, we use a special smooth function f: Q2 — R
on a bounded domain of a Riemannian manifold to estimate the lower
bound of the first eigenvalue for quasilinear operator Lf = —A,f +

VIfIP2f.

1. INTRODUCTION

It is well known that studying the eigenvalues and eigenfunctions of the
Laplacian play an important role in global differential geometry since they
reveal important relations between geometry of the manifold and analy-
sis. So far, there have been some progress on the geometric operator as
bi-Laplace, p-Laplace, and (p,q)-Laplace associated to a Riemannian metric
g on a compact Riemannian manifold M"™. For instance, Lichnerowicz-type
estimate had been studied in some research papers for the p-Laplace [1], p-
Laplace with integral curvature condition [5], and recently investigated for
the first eigenvalue of buckling and clamped plate problems in [3].

In this paper, we are going to study the first eigenvalue of following quasilin-
ear operator which was introduced in [1], studied under considering different
bounded Ricci curvature.

Let (M™, g, dv) be a compact Riemannian manifold with volume element dv,
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the quasilinear operator on M defines as
Lf = —A,f + VIfIP2F. (1.1)

Here V is a nonnegative smooth function on M, and for p € (1,00) the
p-Laplace operator is defined as

Apf = div(VAP V).
Corresponding to the p-Laplacian we have the following eigenvalue equation

Lf = ulfPf on M
f =0 (Dirichlet) or g—i =0 (Neumann) on OM

where v is the outward normal on M. The first nontrivial Dirichlet eigen-
value for M is given by

, VP + VIfIP)dv
b VIRV
FEWEP (M), f£0 Jag | fIPdv

and the first Neumann eigenvalue is given by

- SV FP VIR [y }
Ap(M) = fewl,g(l]f\/[%#o{ Toy 1 f1Pdv ’/M l[fIP“fdv=0¢.

Here WLP(M) is the Sobolev space and Wol’p(M) is the closure of C§°(M)
in Sobolev space WP(M). The function f is then called the eigenfunction
of operator L corresponding to p (or A) on M.

2. MAIN RESULTS

We consider a bounded domain € in a n-dimensional Riemannian man-
ifold M, n > 2. Under some boundary assumption for f : Q — R, we will
obtain a positive lower bound for j1, on bounded domain € as follows:

Theorem 2.1. Let 2 be a bounded domain on a Riemannian manifold M,
and assume that there is a smooth function f : Q@ — R such that satisfies
IVfll <aand Apf > b for some positive constants a,b, where a > b. Then
the first Dirichlet eigenvalue of the quasilinear operator L satisfies

>
Hlp = pPap(p—1)

Proof. We first note that by density we can use smooth functions in the
variational characterization of p1,(£2). So given u € C§°(M), based on the
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fact that V is positive function, we have

b/ |uypdvg/ P (Ayf + V)dv
Q Q

—/ <V\u|p,\|Vf||p_2Vf>dv+/ lu[PV dv
Q Q
= —p/ lulP~t < V|ul, |VfP2Vf > dv+/ lulPV dv
Q Q
Sp/ IUI“I!W\IIIVfII“dH/ |ulPV dv
Q Q

<p/ |u]p_1ap_1HVquv+/ PV do. (2.1)
Q Q

Now considering a constant ¢ > 0 and using Young inequality, we obtain

qlq,9(p—1) p(p—1)||Vul|P
P tar v < ST e
pcP

(p — 1)eP/ =D |y P . PP Vull?

D pcP
Therefore

p/ \UIpla’”IIVUIH/ [ul?V < (p=1)e?/ P fuP+ |ul"V.
Q Q

Q
(2.2)
b —1
We could choose ¢ so that b— (p — 1)c?/ P~ = = that is @ = ——7- Hence
p

aPP=1) ||V
@ "

with the statement in theorem a > b, we know

pP=Lqp(P=1)

o > L

so, (2.1) and (2.2) lead to

/|u|pdv<pp o’ (/ ||Vu||pdv+/ |u|dev)

Dividing both side to [, |u[?, completes the proof. O
As a first application, we apply this theorem for distance function:

Corollary 2.2. Consider a bounded domain Q € M"(c). If Q is contained
i a geodesic ball Br, then

(n = P (V=e)

pip(2) > = coth?(v/—cR), if ¢ <0,
o) = O if ¢=0,
Q) > Wcotp(ﬁ}%), if ¢>0.
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Note that in the above corollary M"(c) is the simply connected space
form of constant sectional curvature c.

Corollary 2.3. Let M™ = Rx N be a warped product Riemannian manifold
endowed with the warped metric ds®> = dt*> + er(t)go, such that the warped
fuction satisfies p’ (t) > k >0, for some constant k. Then the first Dirichlet
eigenvalue of (1.1), satisfies in the following:

(n—1)
pp
Based on the studies in [2], this kind of estimate that we mentioned for

warped product can be lifted for Riemannian manifolds which admite a
Riemannian submersion over hyperbolic space.

KP.

pap(M) >

Theorem 2.4. Let M™ be a complete Riemannian manifold that admits a
Riemannian submersion = : M™ —s M™ = R x N, where 7 is a surjective
map. If the mean curvature of the fibers satisfy ||[H” || < a, for some a <
(n — 1)kYP, then for the first Dirichlet eigenvalue of (1.1), we have

((n—1)Pk — )P
PP ‘
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