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ties for vector-valued functions by means of the generalized KKM theo-
rem.
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1. INTRODUCTION

The minimax inequality plays a significant role in many fields, such as
variational inequalities, game theory, mathematical economics, optimization
theory and fixed point theory. Because of widespread use, this inequality
has been extended in variety of ways. (For example, see M. Salehnejad and
M. Azhini [8], Ding and Tan [3], Horvath [7], Georgiev and Tanaka [6])
At the beginning, the consideration of minimax theorems were mainly de-
voted to the study of real and vector-valued functions in topological vector
spaces. Motivated by the well-known works of Horvath [7], there here ap-
peared many generalizations of the concept of convex subset of a tapologi-
cal vector space. The most general one seems to be that of the generalized
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convex space or G-convex space introduced by Park and Kim [10, 11] which
extends many generalizd convex structures on topological vector space. This
will be the framework in which we obtain in this work some minimax inequal-
ities for vector-valued functions. (See Chen [2], Chang et al [1], M.G.Yang
et al [14])

2. Preliminaries

Let X be a topological space and E be a nonempty subset of X. We
denote by ⟨E⟩, the family of all nonempty finite subsets of E. Let ∆n be
the standard n–simplex (e1, . . . , en) in Rn+1. If J is a nonempty subset
of {0, 1, . . . , n}, we denote by ∆J the convex hull of the vertices {ej , j ∈
J}. The following notion of a generalized convex (or G–convex) space was
introduced by Park and Kim [12]. Let X be a topological space and D is
a nonempty set, (X,D; Γ) is said to be a G–convex space if for each A =
{a0, . . . , an} ∈ ⟨D⟩, there exists a subset Γ(A) = ΓA of X and a continuous
function ϕA : ∆n → Γ(A) such that J ⊂ A implies ϕA(∆J) ⊂ Γ(J).
When D ⊂ X, (X,D; Γ) will be denoted by (X ⊃ D; Γ) and if X = D, we
write (X; Γ) in place of (E,E; Γ). For a G–convex space (X ⊃ D; Γ),

(1) a subset Y of X is said to be Γ–convex if for each N ∈ ⟨D⟩, N ⊂ Y
implies ΓN ⊂ Y ;

(2) the Γ–convex hull of a subset Y of X, denoted by Γ −(Y ), is defined
by

Γ − (Y ) =
∩

{Z ⊂ X : Z is a Γ–convex subset containing Y }.

Definition 2.1. If V is a real vector space, a nonempty subset P ⊂ V is a
cone if for every x ∈ P and for every λ ≥ 0, we have λx ∈ P . The cone P
is called

(1) convex if for all x1, x2 ∈ P , x1 + x2 ∈ P
(2) pointed if P ∩ (−P ) = {0}
(3) proper if P ̸= {0} and P ̸= V
(4) solid if intP ̸= ∅ (where intP denotes the interior of the set P ).

If P is a convex cone of a real vector space V , the relation ⪯p define below
is a (partial) vector ordering of V :

x ⪯p y ⇔ y − x ∈ P, ∀x, y ∈ V

Definition 2.2. Let Y be a nonempty set and E be a nonempty subset of a
G–convex space (X,D; Γ). T : Y → 2E is called a generalized KKM mapping
if for any finite set {y0, y1, . . . , yn} ⊂ Y , there exists {x0, x1, . . . , xn} ∈ ⟨E ∩
D⟩ such that for any subset {xi0 , xi1 , . . . , xik} ⊂ {x0, . . . , xn}, 0 ≤ k ≤ n,
we have

Γ ({xi0 , . . . , xik}) ⊂
k∪

j=0

T (yij )
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Theorem 2.3 ([8]). Let E be a nonempty Γ–convex subset of a G–convex
space (X; Γ) and G : E → 2X be such that for any y ∈ E, G(y) is compactly
closed. Then:

(1) If G is a generalized KKM mapping, then the family of sets {G(y) :
y ∈ E} has the finite intersection property.

(2) If the family {G(y) : y ∈ E} has the finite intersection property and
Γ(x) = {x} for each x ∈ X, then G is a generalized KKM mapping.

Definition 2.4. Let Y be a nonempty set and (X; Γ) be a G-convex space
and E,F are nonempty subsets of X,Y , respectively. The bi-function φ :
E×F → V is said to be cone-γ-generalized quasi-convex (concave) in second
component for some γ ∈ V , if for any finite subset {y0, y1, . . . , yn}⊂ F ,
there exists a finite subset {x0, x1, . . . , xn} ⊂ E such that for any subset
{xi0 , ..., xik} ⊂ {x0, x1, . . . , xn} and any x∗ ∈ coC{xi0 , ..., xik}, there exists
j ∈ {0, ..., k} such that

φ(x∗, yij ) ∈ γ + P

( φ(x∗, yij ) ∈ γ − P ).

3. Main Results

In this section, we present Minimax inequalities in G-convex spaces for
vector-valued functions. In sequel, suppose that X is a Hausdorff topological
space, (X; Γ) is a G–convex space and E,F are nonempty Γ–convex subsets
of X. Also, (V, P ) is an ordered topological vector space and P is a closed
pointed convex cone such that P ̸= ϕ.

Definition 3.1. A function φ : X −→ V is called lower [resp. upper] semi-
continuous if for every γ ∈ V , the set {x ∈ X : f(x) ∈ γ − P} [resp.
{x ∈ X : f(x) ∈ γ + P}] is closed in X. [9]

Theorem 3.2. Let φ and ψ be two functions from E × F to V such that:
(1) φ(x, y) is lower semi-continuous in x, for each y ∈ F ;
(2) ψ(x, y) is cone−γ−generalized quasi-concave in y, for some γ ∈ V ;
(3) φ(x, y) ⪯ ψ(x, y) for all (x, y) ∈ E × F ;
(4) for some y0 ∈ F , {x ∈ E : φ(x, y0) ∈ γ − P} is a compact subset

of E.
Then there exists an x̄ ∈ E such that

φ(x̄, y) ∈ γ − P for all y ∈ F.

Remark 3.3. Fan’s Minimax inequality can be deduced from the above The-
orem if X = Y , E = F , V = R and φ = ψ. (See [4])

Theorem 3.4. Let φ : E × E → V and γ ∈ V be such that
(1) for each x ∈ E, φ(x, y) is a lower semi-continuous function of y on

each non-empty compact subset C of E;
(2) φ(x, y) is cone−γ−generalized quasi-concave in x;
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(3) there exist a non-empty compact convex subset M of E and a non-
empty compact K of E such that for each y ∈ E \ K, there is an
x ∈M with φ(x, y) /∈ γ − P .

Then there exists ŷ ∈ K such that φ(x, ŷ) ∈ γ − P for all x ∈ E.

As an immediate result of Theorem 3.4, we can conclude the following
minimax inequality theorem, which in turn generalizes minimax inequality
due to Ding and Tan [3] and Fan [5], to vector-valued and cone−γ−generalized
quasi-concave functions.

Theorem 3.5. Let γ ∈ V and φ,ψ : E×E → V be two functions such that
(1) φ(x, y) ⪯ ψ(x, y) for all (x, y) ∈ E × E
(2) for each fixed x ∈ E, φ(x, y) is a lower semi-continuous function of

y on each non-empty compact subset C of E;
(3) ψ(x, y) is cone−γ−generalized quasi-concave in x;
(4) there exist a non-empty compact convex subset M of E and a non-

empty compact subset K of E such that for each y ∈ E \K, there is
an x ∈M with φ(x, y) /∈ γ − P .

Then there exists ŷ ∈ K such that φ(x, ŷ) ∈ γ − P for all x ∈ E.

The following is a generalization of minimix inequality due to Tan and
Yuan [13], to vector-valued and cone−γ−generalized quasi-concave func-
tions.

Theorem 3.6. Let γ ∈ V and φ,ψ : E×F → V be two functions such that
(1) φ(x, y) ⪯ ψ(x, y) for all (x, y) ∈ E × F
(2) for each fixed y ∈ F , φ(x, y) is a lower semi-continuous function of

x on each non-empty compact subset C of E;
(3) ψ(x, y) is cone−γ−generalized quasi-concave in y;
(4) there exists a non-empty compact subset K of E and y∗ ∈ F such

that ψ(x, y∗) /∈ γ − P for each x ∈ E \K.
Then there exists an x̂ ∈ K such that φ(x̂, y) ∈ γ − P for all y ∈ F .
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