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ABSTRACT. Some new results closely related to the generalized Briot-
Bouquet differential subordination are investigatedin in a new approach
for functions with fixed second coefficient.

1. INTRODUCTION AND PRELIMINARIES

Let H be the class of analytic functions in the unit disc U = {z : |2| < 1}.

For a € C and n € N, let define two well-known classes of Analytic functions
as follows.

Hla,n]|={feH: f(z)=a+anz"+ -,z € U}
and
Ay ={feH: f(2) =2+ an12", 2 € U}
We denote by A = A; and let S C A be the class of Univalent functions.

As we know, class §*, set of Starlike functions and class C, set of Convex
functions are defined by

S*:{feA:iRe{zJ{éS)}>0, zeU},

C:{feA:%e{1+ZJ£/;iz))}>0, zeU}.
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Also, we denote by Hgla, b] and A, ; sets of analytic functions with fixed
initial coefficient, respectively, as below:

7‘[5[0,,n]:{pe?'-[:p(z):a-|-/8z"_Q_(]J71_~_1,;,«TLJF1_|_...}7

and

Ay ={feH: f(z)=z+bz"T1 +... 2€UL
where [ and b € C are fixed. Here, we assume that S and b are positive real
numbers.

The concept of subordination was introduced to describe a relation be-
tween pairs of analytic functions; Let f(z) and g(z) be members of the class
H. we sayvthat f(z) is subordinate to g(z) and write by f(z) < g(z) if there
exists a function w(z) € H with w(0) = 0,|w(z)| < 1 (z € U), such that
f(z) = g(w(z)) (z € U). It is easy to see that when g(z) is univalent in U,
then

F(0) = 9(0) and f(U) C g(U),

is the equivalent definition of subordination.

The beginning of differential subordination theory began in 1974 by Miller,

Mocanu and Reade [7]. First they proved the following result: if « is real
and p is analytic in the unit disk U with p(0) = 1, then
2p'(2) 14z
p(2)+ap(z) ]._Z

implies p(z) < (1 + 2)/(1 — z), which implies properties of the range of a
functions from the range of a combination of the derivative of the functions.
Then in 1981, Miller and Mocanu [6] introduced the analogues differential
subordination and built the theory for this type of differential implications.

Let ¢ : C3xU — C, h be univalent in U. A function p is analytic in U and
called a solution of the differential subordination if it satisfies the (second
order) differential subordination

U(p(2), 20 (2), 2%p"(2); 2) < h. (1.1)
The univalent function ¢ is called a dominant of the solutions of the dif-
ferential subordination, or simply a dominant, if p < ¢ for all p satisfying
(1.1).

In 2011, Rosihan, Nagpal and Ravichandran [12] extended the theory of
second-order differential subordination for functions with fixed initial coef-
ficient. This led to many results related to the differential subordination
being extended and improved, that recently have published several articles

on the application of this new result(For example, see [1, 2, 3, 4]).
In this paper, by extension of the Nunokawa lemma [9, 10] due to author
et al. [2], some new results closely related to the generalized Briot-Bouquet

differential subordination are investigated in a new approach for functions
with fixed second coeflicient. First, we need some of the following funda-
mental definition and theorems.
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Definition 1.1. ([3], [p.24]) Assume that Q is the set of functions ¢ that
are analytic and injective on U\ E(q) with
E(q) := {C € JU: limg(z) = oo}
z2—(
and are such that ¢’(¢) # 0 for ¢ € U\ E(q).

Lemma 1.2. [12] Let ¢ € Q with q(0) = a, and p € Hgla,n] with p(z) # a.
If p £ q, then there exist points zy € U and {y € OU\E(q) for which

p(20) = ¢(Go) and p({z:[z| <|20l}) C ¢(U),

and
zop' (z0) = mloq’(Co)-

Moreover o) od(@)

0P (20 0g (Go

S%e{l—i— 7 (20) }Zmi){e{1+ (%) }, (1.2)
for some
¢'(0)] — Bzo["
TG O) F Blzo

Lemma 1.3. [I] Let p € Hg[l,n] and p(z) # 0 in U. If there exist zo € U
such that |avg p(2)| < wa/2 for |z| < |zo0| and |avg p(z0)| = ma/2 where
a > 0. Then we have

ap(20) 1/ 1 20—
(z0) = —iam , m§—2(a+a>(n+2a+ﬁ>

_ _ma
=75 and

when atg p(z

0)
2o0p' (20) . 1 1 20 — 3
(z0) =iam , m22<a+a> <n+2a+ﬁ>

when arg p(z9) = %5+ where p(zo)é = tia and 0 < 8 < 2a.

2. MAIN RESULTS

Theorem 2.1. Let B(z) and C(z) be analytic in U with

|Im{C(2)}| < Re{B(z)} (2.1)
If p(2) € Hp[l,n], 0 < B <2, and if
|avg{B(2)2p(2) + C(2)p(2)}| < g +1(2), (2.2)
where
arg {B(z)z {%g(”_l)} + C’(z)} =T when T € [0,7/2],
t(z) =

arg {B(z)z [%g(n_l)} +C’(z)} — 5 =1 when 7' € (r/2 7],
(2.3)



4 MOSTAFA AMANI

then we have
Re{p(z)} >0. (z€D) (2.4)

Proof. By Lemma 1.3, if Re{p(z)} > 0 does not hold for all z € U, then
there exists a point zg, |29| < 0, such that

jara{p(=)}] < 5 for (12 < |l) and lacg{p(z0)}| = 3.

and
zop' (20) — _ik
p(20)
where
[2(n+ 1)+ B(n—1)] T
< — - _
k< NG when avg{p(z0)} 57
and
[2(n+ 1)+ B(n—1)] 77
> ———
k> _ 2T 5 when avg{p(z0)} 5
where

p(20) = £ia and 0<[3<2.

For the case p(z9) = ia, a > 0, we have

osa{B(a0)29 () + ClanlpCen) ] = osa { ) | Blaa) 200 )|}

= favg {p(z0) [Be0)ik + Co)l}]. (2

By (2.1), we have Jm{B(z9)ik+C(z9)} > 0. Therefore, from (2.5) we obtain
g B(z0)29/(2) + Cz0)p(z0)]]

N avg{ B(20)ik + C(z0)} when arg{B(z)ik + C(20)} € [0,7/2],
arg{B(z0)ik + C(20)} — 5 when arg{B(z0)ik + C(20)} € (7/2,7]

wla

arg {B(zo)i [w} + C’(zo)} =T when T € [0,7/2],

2+
> Ty
=2
arg {B(zo)i {2(m—1%+g(n—1)} + C'(zo)} — 5 =71 when '€ (n/2,7]
- g + t(Z()).

This contradicts (2.2). For the case p(z9) = —ia,a > 0, the proof runs as
in the first case. O

Remark 2.2. Theorem 2.1 improves a result due to Miller and Mocanu [See
[5], p. 208]. Also, it extends a result due to Nunokawa et al. [See [11], p. 3].
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Corollary 2.3. Let g(z) € Hg[l,n], 0 < 3 < 2 with

{43} 1

and let f € Ay p. Suppose that
Im{g()f ()} < 5 +v(z), (z€U)

2
where
arg {z [2("H);Egig)(n71)} +1-— Zf]'(S)} =\ when X € [0,7/2],
v(z) =
arg {Z [2(n+1);_£giz)(n_l)} +1-— Zgé‘;)} — 5 =X when X € (n/2,7].
Then we have
%{g(z)zf(z)} >0. (zeD)

Proof. We put B(z) = 1,C(2) = 1 — z¢'(2)/g(2) and p(z) = g(2)f(2)/z.
Then p(z) € Hpyp[1,n] and

[Im{C(2)}| <Re{B(2)} =1. (|2 < |z0])
Moreover, (2.2) becomes
T
lava{g(x)f'(2)} < 5 +v(z). (z€)
Hence, applying Theorem 2.1, we obtain the desired result immediately. [

Remark 2.4. By taking 6+ b = 2 and n = 1, Corollary 2.3 reduces to a
result obtained by Nunokawa et al. [See [11], p. 5]. Also, it improves a
result due to Miller and Mocanu [See [5], p. 208]

Theorem 2.5. Let B(z) and C(z) be analytic in U with B(z) # 0. Suppose
that

Re {ggz;} > -T(n,B), (z€U) (2.6)
where
_n+1+p8n-1)
T(n,6) = AR, 2.7
for0< B <1andn>1. If p(z) € Hg[0,n], and if
|B(2)2p'(2) + C(2)p(2)| < |B(2) + C(2)], (2€U) (2.8)

then we have
Ip(2)] <1. (2 €0)

Proof. By Lemma 1.2, if p(z) 4 z in U, then there exist points
2=roe? €U and (o, |G| =1,

for which
p(z0) = and p(|]z| <rp) C U,
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and
1-p

20p'(20) = mCy, for some m>n+ —0.
We see that m > T'(n, ) > 1. Then, by (2.8), we have
| B(20) 200’ (20) + C(20)p(20)| = [mB(20) + C(20)]

— |B(z0)| ‘m + gzg;
>|B(z0))| ‘TW B) + Fe { ng% } m { CEZ;

B + B
>|B(z0)] ‘1 + Re { Clz) } +iJm { Clz) H

= |B(z0) + C(20)|.

which contradicts (2.8). Therefore, |p(z)| < 1 in U. O
Theorem 2.6. Let B(z) and C(z) be analytic in U with B(z) # 0. Suppose
that
C(Z)} T(n,B)

Jm > . (z€U 2.9

{5} = s <) 29

where T'(n, ) is the same as (2.7) with 0 < B <1 andn > 1. If p(z) €
H3[0,n], and if

/ C(=)]*
B(2)zp' (2) + C(2)p(2)| < /1 + |B(2 Q[Zp(z)—kiﬁe{}] , (2.10
B(2)28/(2) + C(2p(z) ¢ BEE |28 ened TEL L 210

i U, then we have
p(z)| < 1. (2€0)

Proof. Applying the same method as in the proof of Theorem 2.2, if p(z) £ z
in U, then there exist points

=roe? €U and ¢, || =1,

for which
p(z0) = ¢ and p(lz| <rg) CU,
and /() 1_8
ZopP' (20 —
=m or some m>n-+——.
»(20) / 50

Then we have

IB(zo)zop'(20) + Clzo)p(z0)] = (o)) | B(zo) 22 ¢ 0<Zo>'
p(20)

= |mB(z0) + C(20)|
C(20)
B(z0)

= |B(z0)| ‘m + Re {C(ZO) } + iﬁm{c(zo) H .

= |B(Zo)’ m +
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By (2.9), we have

Zop

> \/ 1+ B0 [

which contradicts (2.10). Therefore, |p(z)| < 1 in U.

Remark 2.7. By taking § = n = 1, Theorem 2.5 and Theorem 2.6 reduce
to results obtained by Nunokawa et al. [See [11], p. 6]. Also, it improves a
result due to Miller and Mocanu [See [5], p .206].

Theorem 2.8. Let p(z) € Hp[l,n] with0 < <1 andn >1 and

Re {Qp(z) - z;’//;(;)) - 1} >2, (zel) (2.11)
Then we have
Re{p(2)} >a, (z€0) (2.12)
where a < 1.
Proof. Let
O

where 0 < a < 1. We know that ¢ is analytic and univalent in U with
¢'(0) =2 — 2a and Re{q(U)} > a. So, ¢ € Q with E(q) = 1. If (2.12) does
not hold, means, p(z) £ ¢(z) in U, then from lemma 1.2 there exists (p on
OU with p(z0) = ¢q({p) such that zop'(z0) = moq'(n), for some

with 0 < 8 <2—2a and n > 1 .We have Re{p(zp)} = Re{q({o)} = a. Also,
by (1.2) we have

Zop<zo>} { <oq"(<o>}: {1+<0}:
mefur e} 2 moe{i SR e {52 =0

Therefore, we have

e {2p<zo> - jf((o)‘” - 1} ~ e {2q<co> - jf((of) - 1} < 2Me{g(Co)} = 201,

which contradicts (2.11). This completes the proof. U

Remark 2.9. Theorem 2.8 improves a result due to Miller and Mocanu [See
[5], p .207].
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Theorem 2.10. Ifp € Hg[0,n] with 0 < 3 <1 andn > 1, then

/ 2p"(2) 1-87°
|2p'(2)] + FERR [n+ } (2.13)

1+8

implies that |p(z)| < 1.
Proof. By Lemma 1.2, if p(z) 4 q(z) = z in U, then there exist points

20 =r0e? €U and Co, |Col =1,

for which
p(20) = and p(|]z| <rp) C U,
" () 5
zop' (20 -
— =m, or some m>n+ ——-.
p(z0) I 155

By (1.2) we have

zop" (20) } { oq" (¢o) }
Re<l+———FFr>mReql+——22°>=m
{ P'(20) q'(¢o)
Therefore, we have
zop" (20)
P'(20)

|

zop'(20)
p(20)

_ |20P'(20)

p(20)

20" (20)
p(20)

|z0p(20)] +

el +

[1+

|

209" (20)
P’ (20)

\%
3
3
il
—
[
+
N
S
@\
"N
N
N——

v
3[\3

which contradicts (2.13). Therefore, [p(z)| < 1 in U. O

Remark 2.11. By taking 8 = n = 1, Theorem 2.10 reduces to a result due
to Miller and Mocanu [See [5], p .207].
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