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Abstract. This article is concerned with the existence of weak solu-
tion for a class of elliptic Navier boundary value problem involving the
(p1(x), p2(x))-biharmonic operator. By means of variational methods
and the theory of variable exponent Sobolev spaces, we establish the
existence of a non-trivial weak solution for problem.

1. Introduction

In recent years, a great attention has been paid to the study of various
mathematical problems with variable exponent. Fourth order equations ap-
pears in many contexts. Some of these problems come from different areas
of applied mathematics and physics such as Micro Electro-mechanical sys-
tems, surface diffusion on solids, flow in Hele-Shaw cells [5].
In this work, we consider the problem

M1

(∫
Ω

1
p1(x) |∆u|

p1(x) dx
)

∆2
p1(x)u+

M2

(∫
Ω

1
p2(x) |∆u|

p2(x) dx
)

∆2
p2(x)u = f(x, u) in Ω,

u = ∆u = 0 on ∂Ω,

(1.1)
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where Ω ⊂ RN , N ≥ 2 is a bounded smooth domain with smooth boundary
∂Ω, N ≥ 1, ∆2

pi(x)u := ∆(|∆u|pi(x)−2∆u), is the p(x)-biharmonic operator

with ,pi(x) ∈ C(Ω), (i = 1, 2) such that 1 < p−i := infx∈Ω pi(x) ≤ p+
i :=

supx∈Ω pi(x) < +∞, Mi : R+ → R+ are differentiable functions and f(x, u) :
Ω× R→ R is a Caratheodory function.
Problem (1.1) is related to the stationary version of a model, the so-called
Kirchhoff equation, introduced by Kirchhoff [6]. Throughout this paper,
we make the following assumptions on the function f and the Kirchhoff
functions M1 and M2.

(H0) ∃ m0,m1 > 0 such that M1(t) ≥ 0 and M2(t) ≥ 0 for all t ≥ 0.

(H1) ∃ µ1, µ2 ∈ (0, 1) such that M̂i(t) ≥ (1−µi)Mi(t)t for all t ≥ 0, where

M̂i(t) =
∫ t

0 Mi(s) ds, i = 1, 2.
(H2) M1,M2 are differentiable and decreasing functions on R+.

(f0) |f(x, t)| ≤ C(1 + |t|q(x)−1) for all (x, t) ∈ Ω × R with C ≥ 0 and
1 < q(x) < p∗M (x), where pM (x) = max{p1(x), p2(x)}, for all x ∈ Ω,
and p∗M (x) is the critical exponent of pM .

(f1) lim|t|→∞
F (x,t)

|t|
p+
M

1−µ

= +∞, uniformly for a.e. x ∈ Ω, where µ = max{µ1, µ2}

and F (x, t) =
∫ t

0 f(x, s) ds.
(f2) There exists θ ≥ 1 such that θG(x, t) ≥ G(x, st) for (x, t) ∈ Ω × R

and s ∈ [0, 1], where G(x, t) = f(x, t)t− p+M
1−µF (x, t).

(f3) limt→0
F (x,t)

|t|p
+
M

= 0, uniformly for a.e. x ∈ Ω.

Now, we are ready to state our main result:

Theorem 1.1. Suppose that the conditions (H0)-(H2) and (f0)-(f3) hold
true, then problem (1.1) has at least one nontrivial weak solution.

2. Notations and preliminaries

Let Ω be a bounded domain of RN , denote C+(Ω) = {p(x); p(x) ∈
C(Ω), p(x) > 1, ∀x ∈ Ω}, p+ = max{p(x); x ∈ Ω}, p− = min{p(x); x ∈
Ω};, Lp(x)(Ω) = {u : Ω→ R measurable and

∫
Ω |u(x)|p(x) dx <∞}, with the

Luxemburg norm |u|Lp(x)(Ω) = |u|p(x) = inf{µ > 0;
∫

Ω

∣∣∣u(x)
µ

∣∣∣p(x)
dx ≤ 1}.

Proposition 2.1 (See [3]). The space (Lp(x)(Ω), | · |p(x)) is separable, uni-

formly convex, reflexive and its conjugate space is Lq(x)(Ω) where q(x) is
the conjugate function of p(x), i.e., 1

p(x) + 1
q(x) = 1, for all x ∈ Ω. For u ∈

Lp(x)(Ω) and v ∈ Lq(x)(Ω), we have
∣∣∫

Ω uv dx
∣∣ ≤ ( 1

p− + 1
q−

)
|u|p(x)|v|q(x) ≤

2|u|p(x)|v|q(x).

The Sobolev space with variable exponentW k,p(x)(Ω) is defined asW k,p(x)(Ω) =

{u ∈ Lp(x)(Ω) : Dαu ∈ Lp(x)(Ω), |α| ≤ k}, where Dαu = ∂|α|

∂x
α1
1 ∂x

α2
2 ...∂x

αN
N

u,
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with α = (α1, . . . , αN ) is a multi-index and |α| =
∑N

i=1 αi. The space

W k,p(x)(Ω) equipped with the norm ‖u‖k,p(x) =
∑
|α|≤k |Dαu|p(x), also be-

comes a separable and reflexive Banach space. For more details, we refer
the reader to [2, 3]. For any k ≥ 1, denote

p∗k(x) =

{
Np(x)

N−kp(x) if kp(x) < N,

+∞ if kp(x) ≥ N

Proposition 2.2 (See [3]). For p, r ∈ C+(Ω) such that r(x) ≤ p∗k(x) for

all x ∈ Ω, there is a continuous embedding W k,p(x)(Ω) ↪→ Lr(x)(Ω). If we
replace ≤ with <, the embedding is compact.

We denote by W
k,p(x)
0 (Ω) the closure of C∞0 (Ω) in W k,p(x)(Ω). Note

that the weak solutions of problem (1.1) are considered in the generalized
Sobolev space X = X1

⋂
X2 equipped with the norm ‖u‖r = ‖u‖p1 + ‖u‖p2 ,

where Xi =
(
W 2,pi(x)(Ω) ∩ W 1,pi(x)

0 (Ω)
)
, i = 1, 2 and ‖u‖r = inf{µ >

0 :
∫

Ω

∣∣∣∆u(x)
µ

∣∣∣r(x)
dx ≤ 1} equipped with the norm ‖u‖ = ‖u‖pi .

Remark 2.3. According to [4], the norm ‖ · ‖2,p(x) is equivalent to the norm
|∆ · |p(x) in the space X. Consequently, the norms ‖ ·‖2,p(x), ‖ ·‖ and |∆ · |p(x)

are equivalent.

We consider the functional ρ(u) =
∫

Ω |∆u|
p(x) dx and give the following

fundamental proposition.

Proposition 2.4 (See [1]). For u ∈ X and {un} ⊂ X, we have

(1) ‖u‖ < 1(respectively = 1;> 1)⇐⇒ ρ(u) < 1(respectively = 1;> 1);

(2) ‖u‖ ≤ 1⇒ ‖u‖p+ ≤ ρ(u) ≤ ‖u‖p− ;

(3) ‖u‖ ≥ 1⇒ ‖u‖p− ≤ ρ(u) ≤ ‖u‖p+ ;

(4) ‖un‖ → 0 (respectively →∞)⇐⇒ ρ(un)→ 0 (respectively →∞).

Now, we recall the definition of the (C)-condition and then state a defor-
mation lemma, which is fundamental in order to get some min-max theo-
rems.

Definition 2.5. [7] let X be a Banach space and J ∈ C1(X,R). Given
c ∈ R, we say that J satisfies the Cerami c condition (we denote condition
(C)c), if

(i) any bounded sequence {un} ⊂ X such that J(un) → c and J ′(un) → 0
has a convergent subsequence.

(ii) there exist constant δ,R, β > 0 such that ‖J ′(u)‖‖u‖ ≥ β for all u ∈
J−1([c − δ, c + δ]) with ‖u‖ ≥ R. If J ∈ C1(X,R) satisfies condition (C)c
foe every c ∈ R, we say that J satisfies condition (C).

Lemma 2.6. [8] Let X be a Banach space, J ∈ C1(X,R), e ∈ X and
r > 0, be such that ‖e‖ > r and b := inf‖u‖=r J(u) > J(0) ≥ J(e). If
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J satisfies the condition (Cc) with c := infγ∈Γ maxt∈[0,1] J(γ(t)), and Γ :=
γ ∈ C([0, 1], X)|γ(0) = 0, γ(1) = e, then c is a critical value of J .

3. Proof of Theorem 1.1

Define Ip1(x) :=
∫

Ω
1

p1(x) |∆u|
p1(x) dx and Ip2(x) :=

∫
Ω

1
p2(x) |∆u|

p2(x) dx.

The Euler-Lagrange functional associated to (1.1) is

J(u) = M̂1(Ip1(x)) + M̂2(Ip2(x))−
∫

Ω
F (x, u) dx.

Moreover, the derivative of J is given by

〈J ′(u), v〉 = M1(Ip1(x))

∫
Ω
|∆u|p1(x)−2∆u∆v dx

+M2(Ip2(x))

∫
Ω
|∆u|p2(x)−2∆u∆v dx−

∫
Ω
f(x, u)v dx,

for all u, v ∈ X. Then we know that the weak solution of (1.1) corresponds
to the critical point of the functional J . These two Lemmas lead us to get
the proof of our main result:

Lemma 3.1. If (H0)- (H2) and (f0)- (f2) hold, then J satisfies the Cerami
condition.

Lemma 3.2. If (H0)- (H1) and (f1), (f3) hold true, then all the assertions
in Lemma 2.6 are satisfied.
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