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ABSTRACT. In this paper we investigate conditions on the symbol func-
tion to guarantee that the composition operator from the Bergman space
of the polydisk to the Bergman space of the unit disk is bounded.

1. INTRODUCTION

Let D denote the open unit disk in the complex plane. For a > —1, the
weighted Bergman space A2 (D) is the space of analytic functions f in D for
which

[ R d4u(z) < +oc,
D
where
dAy(z) = 7 Ha+ 1)(1 — |2?)%dz dy

is the weighted area measure in the unit disk. It is well-known that A% (D)
equipped with the inner product

(f.9) = (@ +1) / F(2)gE) (1 — |2)dA(),
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is a Hilbert space with the following reproducing kernel (see [1])

1

Ky(z) = A=z

We mean by polydisk the subset D™ = D x --- x D of the n-dimensional
complex space. Now let Hol(D") denote the space of holomorphic functions
on D". The weighted Bergman space on the polydisk D" is defined by

AZ(D™) = Hol(D") N L*(D", dV,,)
where
dVa(2) = dAun(21) -+ - dAn(2n),
and
dAo(z) = 7 Ha + 1)1 — |2 %dzrdyy, 1<k <n.
This means that a function f(z1, ..., 2,) in Hol(D") belongs to A2(D") if

1125 oy = /D F(21, s o) [2dAn(22) - - d A (20) < 400,

The reproducing kernel of A2 (D") is given by (see the papers [5] and [6])

K. (w) = H

n
1
Jj=1

A= guperr = Kalwn) o Ko lwn).

Let @ : D™ — D" be a holomorphic mapping (m,n are positive integers):

D(z2) = ((pl(z), - @n(z)), z=(21,...,2m) € D™

Consider the composition operator

Ca + A2(D") — A3 (D),
defined by Cg(f) = f o ®. Moreover, if ¢ : D™ — C is holomorphic, then the
weighted composition operator Cy ¢ is defined by

Coa(f) =1 -fod, [eALD".

In this paper, we shall focus on the composition operator

Cyp : A%(D?) — A2(D).

This problem can then be studied for Cp : A2(DF) — A2(D), and our
choice k = 2 is for simplicity. We shall prove that if ¢ and ¢ are analytic
self mappings of the unit disk, and ® = (p,) : D — D? is a holomorphic
function such that ||¢9]| < 1, then Cp : A2(D?) — A2(D) is bounded. We
should mention that this problem for the Hardy space is already known; see
[3]. For recent work on this topic see the papers [1] and [2].
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2. PRELIMINARIES
Let F(z,w) € A%2(D?). Note that
CoF(2) = F(p(2),9(2)).

::i;iznfh(uﬂ ::iiiu/%?n Z
n=0 n=0

Let

Since for m # n we have

/D2 22" Fy(w) Fyp (w)d Ay (2)d Ao (w) = 0,

it follows that
IF s o2y = Z 12" 12 oy | Fnl sz oy

n!T'(a+2)

Tla+nt2) o IFnlla2 oy

Similarly, we see that

9 = nll(a+2) 9
1E 1%z 2y = %WHGnHAg(D)

Now let o be a number satisfying

lethlloe = Slelp|90( 2)(z)] < o < 1.

Then we can find measurable disjoint subsets 21 and €25 in the unit disk

such that [, o dAa(2) =1, and [p(2)| < V/o, a.e. in Q, and [¢(2)] < /o,
a.e. in 9. To see this we define

M = {z: |p(2)| < Vo, a.e},
and
Qo ={z:|¢(2)| > Vo, a.e.}.
Clearly if z ¢ Q, then z € Qg and |p(z)| > /0. Hence we must have

|1 (2)| < /o since otherwise we have |p(2)1¥(z)| > o which is not possible.
This argument will be used in the proof of the main result.

3. MAIN RESULT

We begin by proving that if ® = (p,1)) is a holomorphic mapping from
the unit disk to D?, then the composition operator Cg : A2(D?) — A% (D)
is bounded.

Theorem 3.1. Let & = (p,v) where ¢ and ¢ are analytic self-mappings
of the unit disk satisfying ||e¥]cc < 1. Then Cp : A2(D?) — A2(D) is
bounded.
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Sketch of proof. It is clear that
ICaF ) = [ 1P+ [ [CarP
Q Qo

Then we approximate
/ |CoF)?
Q1

by o, norm of Cy and norm of F in the Bergman space A% (D?). Similarly,

one approximates
| 1carp
Q2

by o, norm of C,, and norm of F' in the Bergman space A2 (D?). Finally,
ICoFl3g ) < Co (ICI2 + ICuIP) IFllaz o).

REFERENCES

1. A. Babaei, A. Abkar, Weighted composition-differentiation operators on the Hardy and
Bergman spaces, Bull. Iran. Math. Soc. 48 (6) (2022) 3637-3658.

2. M. Fatehi, C.N.B. Hammond, Norms of weighted composition operators with automor-
phic symbol, Integr. Equ. Oper. Theory. Soc. 92(2020), no. 13, 12 pages

3. Izuchi, K. J.; Q. D. Nguyen, S. Ohno, Composition operators induced by analytic maps
to the polydisk, Canadian J. Math. 64 (2012), 1329-1340

4. Hedenmalm, H., Korenblum, B., Zhu, K., Theory of Bergman spaces, Graduate Texts
in Mathematics, 199, Springer, 2000

5. Stessin, M., Zhu, K., Composition operators induced by symbols defend on a polydisk.
J. Math. Anal. Appl. Vol. 319 (2006), 815-829 .

6. Stessin, M., Zhu, K., Composition operators on embedded disks, J. Operator Theory,
56 (2006), 423-449.



	1. introduction
	2. Preliminaries
	3. Main result
	References

