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Abstract. In this manuscript, we study the Sturm–Liouville problem
with conformable fractional differential operators of order α, 0.5 < α ≤ 1
and finite number of interior discontinuous conditions. The asymptotic
formulas of solutions, eigenvalues and eigenfunctions of the problem are
calculated.

1. Introduction

Sturm–Liouville equation is one of the most important problems in math-
ematics, physics and engineering. This problem arises in modeling of many
systems in vibration theory, quantum mechanics, hydrodynamic and so on
[1, 2]. The classical Sturm–Liouville equation is a second order ordinary
differential equation of the following form:

y′′ + (λ− q(x))y = 0, 0 < x < π, (1.1)

where q(x) is the potential function and λ is a parameter. For equation
(1.1) two boundary conditions at end points are considered. Equation (1.1)
with boundary conditions are called Sturm–Liouville problems (SLP). Frac-
tional Sturm-Liouville problems are different from those usually defined in
this literature, i.e. the ordinary derivatives in a traditional Sturm-Liouville
problem are replaced with fractional derivatives or derivatives of fractional
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order. These types of FSLP play a significant role in various areas of sci-
ence, engineering, and mathematics [3, 4, 5]. In this note, we study the
asymptotic form of characteristic function, eigenvalues, and eigenfunctions
of conformable fractional Sturm–Liouville problem (CFSLP).

2. Asymptotic form of solutions and eigenvalues

In this section, we give definition and some theorems of the conformable
fractional(CF) derivative such that one can found in [6, 7]. In what follows,
we always take Dα

x = Dα.

Definition 2.1. For the function f : [0,∞)→ R, the CF derivative of f of
order α ∈ (0, 1] defined by:

Dαf(x) = lim
ε→0

f(x+ εx1−α)− f(x)

ε
,

for all x > 0, and

Dαf(0) = lim
x→0+

Dαf(x).

If f is a differentiable function, then

Dαf(x) = x1−αf ′(x).

If Dαf(x0) exists and is finite. Then the function f is α-differentiable at x0.

Definition 2.2. The conformable integral of function f of order α is defined
as:

Jαf(x) =

∫ x

0
f(s)dαs =

∫ x

0
sα−1f(s)ds, x > 0.

where, the integrals are in Riemann setting.

Definition 2.3. For a real number 1 ≤ p <∞ and α > 0, the space Lαp (0, a)
is defined by

Lαp (0, a) =

{
f : [0, a]→ R,

(∫ a

0
|g(t)|pdαt

)1/p

<∞

}
.

Let us consider the CFSLP

`αy := −DαDαy + qy = λy (2.1)

with boundary conditions

B1(y) := Dαy(0) + h y(0) = 0,

B2(y) := Dαy(π) +H y(π) = 0, (2.2)

and finite number of transmission conditions

Ui(y) := y(di+)− aiy(di−) = 0,

Vi(y) := Dαy(di+)− biDαy(di−)− ciy(di−) = 0, (2.3)
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for i = 1, 2, . . . ,m − 1 and 1
2 < α ≤ 1. The parameters h, H and ai, bi,

ci, di ∈ (0, π) are real numbers. We denote the problem (2.1)–(2.3) with
Lα = Lα(q(x);h;H; di). Consider the weighted inner product

〈f, g〉T :=

∫ π

0
f(t)g(t)w(t)dαt,

where f, g ∈ Lα2 ((0, π);w) and w(t) is the weight function of the form

w(t) =


1, 0 ≤ t < d1,
1

a1b1
, d1 < t < d2,

...
1

a1b1···am−1bm−1
, dm−1 < t ≤ π.

Note that T := L2
α((0, π);w) is a Hilbert space with the norm ‖f‖T =

〈f, f〉1/2T . Let Aα : T → T with domain

dom (Aα) =

{
f ∈ T

∣∣∣∣ f,Dαf ∈ AC
(
∪m−10 (di, di+1)

)
,

`αf ∈ Lα2 (0, π), Ui(f) = Vi(f) = 0

}
by

Aαf = `αf, f ∈ dom (Aα) .

Suppose f and g are two solutions `αf = λf , `αg = λg satisfying the jump
conditions (2.3), the modified Wronskian

Wα(f, g) = w(x)
(
f(x)Dαg(x)−Dαf(x)g(x)

)
(2.4)

is constant for all x ∈ [0, d1) ∪m−21 (di, di + 1) ∪ (dm−1, π]. Using the above
formula Wα(f, g)(x) = Wα(f, g)(x0), for x0 ∈ [0, d) ∪ (d, π]. So, Wα(f, g)
does not depend on x.

Lemma 2.4. The operator Aα is self-adjoint on Lα2 ((0, π);w).

Let ϕ(x, λ) and v(x, λ) be the solutions of (2.1) with the following initial
conditions

ϕ(0, λ) = 1, Dαϕ(0, λ) = −h, (2.5)

ψ(π, λ) = 1, Dαψ(π, λ) = −H, (2.6)

and the jump conditions (2.3), respectively. The characteristic function is
defined by

∆(λ) := Wα(ϕ(λ), ψ(λ)) = B1(ψ(λ)) = −w(π)B2(ϕ(λ)). (2.7)

Theorem 2.5. Let λ = ρ2 and τ := |Imρ|. For CSLP (2.1)–(2.3) as |λ| →
∞, the asymptotic forms of solutions and the characteristic function formula
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are in the following forms:

ϕ(x, λ) =



cos
(
ρ
α
xα
)

+O
(

1
ρ

exp
(
τ
α
xα
))
, 0 ≤ x < d1,

α1 cos
(
ρ
α
xα
)

+ α′1 cos
(
ρ
α

(xα − 2dα1 )
)

+O
(

1
ρ

exp
(
τ
α
xα
))
, d1 < x < d2,

α1α2 cos ρ
(
ρ
α
xα
)

+ α′1α2 cos
(
ρ
α

(xα − 2dα1 )
)

+ α1α
′
2 cos

(
ρ
α

(xα − 2dα2 )
)

+α′1α
′
2 cos

(
ρ
α

(xα + 2dα1 − 2dα2 )
)

+O
(

1
ρ

exp
(
τ
α
xα
))
, d2 < x < d3,

...

α1α2 . . . αm−1 cos
(
ρ
α
xα
)

+

+α′1α2 . . . αm−1 cos
(
ρ
α

(xα − 2dα1 )
)

+ · · ·
+α1α2 . . . α

′
m−1 cos

(
ρ
α

(xα − 2dαm−1)
)

+

+α′1α
′
2α3...αm−1 cos

(
ρ
α

(xα + 2dα1 − 2dα2 )
)

+ · · ·
+α1 . . . α

′
j . . . α

′
k . . . αm−1 cos

(
ρ
α

(xα + 2dαj − 2dαk )
)

+α1 . . . α
′
j . . . α

′
k . . . α

′
s . . . αm−1 cos

(
ρ
α

(xα − 2dαj + 2dαk − 2dαs )
)

+ · · ·
+α′1α

′
2 . . . α

′
m−1 cos

(
ρ
α

(xα + 2(−1)m−1dα1 + 2(−1)m−2dα2 − 2dαm)
)

+O
(

1
ρ

exp
(
τ
α
xα
))
, dm−1 < x ≤ π,

(2.8)

Dαϕ(x, λ) =



ρ
[
− sin

(
ρ
α
xα
)]

+O
(
exp

(
τ
α
xα
))
, 0 ≤ x < d1,

ρ
[
−α1 sin

(
ρ
α
xα
)
− α′1 sin

(
ρ
α

(xα − 2dα1 )
)]

+O
(
exp

(
τ
α
xα
))
, d1 < x < d2,

ρ
[
−α1α2 sin ρ

(
ρ
α
xα
)
− α′1α2 sin

(
ρ
α

(xα − 2dα1 )
)
− α1α

′
2 sin

(
ρ
α

(xα − 2dα2 )
)

−α′1α′2 sin
(
ρ
α

(xα + 2dα1 − 2dα2 )
)]

+O
(
exp

(
τ
α
xα
))
, d2 < x < d3,

...

ρ
[
−α1α2 . . . αm−1 sin

(
ρ
α
xα
)

−α′1α2 . . . αm−1 sin
(
ρ
α

(xα − 2dα1 )
)

+ · · ·
−α1α2 . . . α

′
m−1 sin

(
ρ
α

(xα − 2dαm−1)
)

+

−α′1α′2α3 . . . αm−1 sin
(
ρ
α

(xα + 2dα1 − 2dα2 )
)

+ · · ·
−α1 . . . α

′
j . . . α

′
k . . . αm−1 sin

(
ρ
α

(xα + 2dαj − 2dαk )
)

−α1 . . . α
′
j . . . α

′
k . . . α

′
s . . . αm−1 sin

(
ρ
α

(xα − 2dαj + 2dαk − 2dαs )
)

+ · · ·
+ −α′1α′2 . . . α′m−1 sin

(
ρ
α

(xα + 2(−1)m−1dα1 + 2(−1)m−2dα2 − 2dαm)
)]

+O
(
exp

(
τ
α
xα
))
, dm−1 < x ≤ π,

(2.9)

where

αi =
ai + bi

2
and α′i =

ai − bi
2

, i = 1, 2, . . . ,m− 1. (2.10)
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Also the similar asymptotic form holds for the solution ψ. Moreover, we
have

∆(λ) =ρw(π)
[
α1α2 . . . αm−1 sin

( ρ
α
πα
)

+ α′1α2 . . . αm−1 sin
( ρ
α

(πα − 2dα1 )
)

+ · · ·

+ α1α2 . . . α
′
m−1 sin

( ρ
α

(πα − 2dαm−1)
)

+ α′1α
′
2α3 . . . αm−1 sin

( ρ
α

(πα + 2dα1 − 2dα2 )
)

+ · · ·+ α1 . . . α
′
j . . . α

′
k . . . αm−1 sin

( ρ
α

(πα + 2dαj − 2dαk )
)

+ α1 . . . α
′
j . . . α

′
k . . . α

′
s . . . αm−1 sin

( ρ
α

(πα − 2dαj + 2dαk − 2dαs )
)

+ · · ·

+α′1α
′
2 . . . α

′
m−1 sin

( ρ
α

(πα + 2(−1)m−1dα1 + 2(−1)m−2dα2 − 2dαm)
)]

+O
(

exp
( τ
α
πα
))

.

(2.11)

Using Theorem 2.5 and Definition 2.1, we find

|ϕ(x, λ)| = O

(
exp

(
τ

α
xα
))

,

|Dαϕ(x, λ)| = |x1−αϕ′(x, λ)| = O

(
|ρ| exp

(
τ

α
xα
))

, 0 ≤ x ≤ π (2.12)

By changing x to π − x and using the jump conditions (2.3) and Definition
2.1, we calculate the asymptotic forms of v(x, λ) and Dαv(x, λ). Specially,

|ψ(x, λ)| = O

(
exp

(
τ

α
(π − x)α

))
,

|Dαψ(x, λ)| = |x1−αψ′(x, λ)| = O

(
|ρ| exp

(
τ

α
(π − x)α

))
, 0 ≤ x ≤ π.

(2.13)

Theorem 2.6. Let λn = ρ2n be the eigenvalues of the problem Lα, then we
have the following asymptotic formula

ρn = απ1−αn+O(1) (2.14)

as n→∞.
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