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ABSTRACT. By using variational methods and critical point theory, we
establish the existence of multiple solutions for a Neumann problem. We
prove the existence by applying the theory of variable exponent Sobolev
spaces.

1. INTRODUCTION

In the present paper, we want to establish the existence of multiple solu-
tions for the following problem

- Ei\;l 8%(11(1'78%“) + h(l‘) sz\il ai(:[},u) = /\f(xau) in Q, (1.1)
Zij\il ai(x, O, u)v; = 0 on 09,

where € is a bounded domain in RY( N > 3) with smooth boundary 952,
v; of the outer normal unit vector to 02, A is a positive parameter, while
f: QxR —Randaq; : Q x R — R are Carathéodory functions and h(z) is
a positive function such that h(.) € L*°(£2) and

h™ =essinf h 1.2
ess inf (x) >0, (1.2)
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and

ht = esssup h(z) > 0. (1.3)

e

In recent years variational problems with a nonstandard growth condition
have attracted the interest of many specialists and have led to many related
papers; for the generalized space theory, we refer the reader to [12], for the
existence and multiplicity of solutions of elliptic equations with nonstan-
dard growth condition, especially involving the p(z)-Laplacian, we refer the
reader to [13]. For application background, we refer the reader to [20]. For
anisotropic quasilinear elliptic equations, the working space is more general
than for the usual p(z)-Laplacian, in that different space directions have
different roles, so it possesses more inhomogeneity. In [9] Ding, Li and Bisci
established the existence of three solutions for the following problem

= 30 O (100 ulP 200 ) + T [ O Pu = Mf(w,uw) €9,
0
2y x € 010,
v
(1.4)
They proved that this problem possesses at least three distinct weak solu-
tions. We mention that if we focus on a certain type of the functions a;
as

ailz,s) = |sP2s,

for all ¢ € {1,..., N} and h(z) = 1, then our studying problem convert to
the problem (1.4).

The Elliptic problems in anisotropic form concerning the Sobolev space with
variable exponents have recently attracted the attention of many mathemati-
cians; see [3, 6, 7, 10, 21].

In recent years, studying the existence of nontrivial solution for boundary
value problems by applying Theorem 5.1 [2] have attracted the interest of
many researchers, see for example [14, 15, 10].

In [1], the authors study a general class of anisotropic problems with variable
exponents and constant Dirichlet condition

{ = YI Ou,ai(@, Ogu) + b(@)u[P D2 = Af(zu)  z €,

u(z) = constant x € 0N (15)

The plane of this article is as follows. In section 2 we introduce our notation
and a suitable abstract setting. In section 3 we present the main results.

2. PRELIMINARIES

In this section we recall some definition and the main properties of the
spaces with variable exponents together with some results that we need for
the proof of our main results.

Define

Ci(Q):={p : peC(Q) and p(x) > 1, Vz € Q}.
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For p € C(Q), we introduce the Lebesgue space with variable exponent
defined by

LP@Q) = {u : ueS), /Q lu(z) [P dz < oo},

where S(£2) denotes the set of all measurable real functions on €.
This space, endowed with the Luxemburg norm

Ul Lo () = ltlp(z) = inf{r >0 / | ==~ |P(33 dr < 1},

is a separable and reflexive Banach space. We refer to [3, 12, 18, 19] for the
elementary properties of these spaces.

Proposition 2.1. ([12]) If 0 < |Q| < 0o and q1, g2 are variable exponents
so that q1(z) < qo(z) a. e. in Q then the embedding L®®)(Q) — L) s
continuous.

Let
p" =maxp(z), p =minp(z).
€N €N
Proposition 2.2. ([8]) The conjugate space of LP) is LP'@) where p/(z) is
the conjugate function of p(x), i.e.

I
p(x)  plx)
For u € LP®)(Q) and v € Lpl(””)(Q), we have the Holder-type inequality
1 1
| wlhote)da] < (= + =l oo

To recall the definition of the isotropic Sobolev space with variable expo-
nent, WHP(®)  we set

whP@)(Q) = {u e LP®(Q) : |Vu| € LP®(Q)},
endowed with the norm
[ull = HuHWl»P(z)(Q) = |U‘LP(1)(Q) + |vu’LP(I)(Q)‘ (2.1)

The space Wl’p(‘”)(Q), equipped with the norm 2.1 becomes a separable,
reflexive and uniformly convex Banach space. See for more details [1].
For v € W) (Q), define

\Y%
July =int(n>0 [ (Z2P@ 4 h@) 2P < 1) (22)
Q 7N Ul
Remark 2.3. According to [11], |Jul|, is a norm on WhP#)(Q) equivalent to
[l e

Proposition 2.4. ([12]) For p € C(Q) such that p~— > N for all x € Q,
there is a compact embedding

W@ (Q) — ().
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Proposition 2.5. ([12]) Let x(u) = [, \VulP®@)dz. For u,,u € WhrE)(Q),
we have

() flull < (=>)1 <= ru) <(=>)1,
2) Jlull 21 = Jull” < s(u) < [[ull””,
(3) flull 1 = Jlull” < r(u) <[lul”,
4) |lun|| = 0 <= K(un) — 0, and |juy|| = 0 <= k(up) — oc.

We assume in the sequel that Q is a bounded open domain in RV and we
denote by

70 : Q- RY

the vectorial function

P() = (p1(); s pn ()

We define leﬁ(')(Q), the anisotropic variable exponent Sobolev space with
respect to the norm

N

) O, U (2
lull gy = lelwrzo@ =D nt{o > 0; (/Q |?|’”( )dx+/ h(x )|*|pl Jdz) < 1}.
=1
(2.3)
It was argued in [l1] that WL?(')(Q) is a reflexive Banach space and a

seperable space.
On the other hand, for the convenience of working with the space W' 70 )(Q)
we introduce ?+, ?, in RV a

7+ = (o], ---,pM Po= by ),
and
pi = max{pf, ...,p}}, p_ =min{p;,...,py}-
Suppose that

Mo
Z <L (2.4)

Then it is proved in [9] that W70 (Q) is compactly embedded in C°(Q)
and there exists a constant ¢ > 0 such that

é
lulloo < cllullpg),  ¥ueWHPU(Q), (2.5)

where [|ul|oo := sup, g [u()].
In [2] Bonnano proposed the following innovative theorems for the study of
nonlinear problems:

Theorem 2.6. ([2] Theorem 5.2) Let X be a reflexive real Banach space,
® : X — R be a sequentially weakly lower semicontinuous, coercive, and con-
tinuously Gateauz differentiable functional whose Gateaur derivative admits
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a continuous inverse on X*, and ¥ : X — R be a continuously Gateaur dif-
ferentiable functional whose Gateaux derivative is compact. Let I = ® — AV
and for fix r > infx ® let o be the function defined as

. SUPyed—1(]—o0,r[) \Il(u) - \Ij(u)
= f )
A= oty o)

1
Then, for each X €]0, ﬁ[ there is ug,x € @~ (]—o0, 7[) such that Ix(u(y)) <
o(r
In(u) for all u € (] — oo, r[) and I§(u(x)) = 0.

Let us denote by A; : QxR — R, i € {1,...,N}, and by F': QxR — R the
antiderivatives of the Carathéodory functions a; : 2 x R — R, respectively
f:Q xR — R; that is,

Ailx, ) = /O i t)dt, (2.6)
Fla,s) = /0 byt (2.7)

For every i € {1, ..., N}, we work under the following assumptions:
(b1) There exists a positive constant ¢; such that a; fulfills

|ai(z, s)| < &lsPi 1, (2.8)
for all x € Q and all s € R.
So
A, 5)] < s, (2.9)
(b2) There exists k; > 0 such that
/@i\s\pi(x) < ai(x,s)s < pi(x)Ai(x, s), (2.10)

for all z € ? and all s € R.
(b3) a;i(x,0) =0 for all z € 90N.
(b4) a; fulfills
(ai(z,s) —ai(x,t))(s —t) > 0, (2.11)
for all x €  and s,t € R with s # t.
(b5) There exist k > 0 and ¢ € C1 () with pT < ¢~ < ¢ < p*(z) for all

x € Q, where
p(z) = NNl’
Zi:l pz(x)
Nr@)
() =9 N —r(z) fr(@) <N, (2.12)
co  if r(@) =N,

such that f verifies
(@, 8)] < k(1 + |s[70)71), (2.13)
for all x € 2 and all s € R.
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(bs) There exist v > pT and sp > 0 such that the Ambrosetti-Rabinowitz
condition

0 <~F(x,s) < sf(x,s),
holds for all z € Q and for all s € R with |s| > sp.

Definition 2.7. We say that u € le?(')(Q) is a weak solution of the
problem (1.1) if

N N
/Q;ai(ﬂf,axiu) Og;v dx —i—/Q;h(x)ai(m,u) vdr = )\/Qf(%u) v dz

for all v € WHP()(Q).

Foe each u € Wl’?(')(Q), let the functionals @,V : le(')(Q) — R be
defined by

N N
(I)(u):/Q;Ai(x,amu) da?—i—/ﬂiz_;h(a:)Ai(x,u) dz, (2.14)

and
U(u) = /QF(az,u(x)) dx. (2.15)

By standard arguments, it follows that the functionals ® and ¥ are well
defined and of class C', and with the derivatives given by

N N
< ®'(u),v >= / Zai(a:,(?%u) Oy, v dav—k/ Zh(m)ai(az,u) v dz, (2.16)
@iz iz

< V'(u),v >= / f(z,u(z)) v(z) dz, (2.17)
Q
for any u,v € le(')(Q).

Lemma 2.8. For allu € Wl’?(')(Q) we have
(@) if llullpc) =1 then

min{kq,....,kn - _ _ H
{ oF }HUH%(J < ®(u) < max{er, e llul%, ),
+

(@) if lullp) <1 then

min{ky,....kn}, »t _ _ p_
p+ Hqu() < @(u) < max{ey, ...,CN}HUH?(').
+
Proof. Tt is an immediate result of (2.8) and (2.13) in the case where k;
corresponds to p;. O

Lemma 2.9. The functional ® is coercive.
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Proof. Let u € le(')(Q) be such that [Jul|5 () — co. By Lemma (2.8) we
deduce that for any u € WL?(')(Q) with [lul[5) > 1 we have

min{ky, ..., kN -
o(u) > MLk hy o

Hence @ is coercive. |

The following theorem guarantees the coercivity and continuity of the
Gateaux derivative of the functional ®.

Theorem 2.10. ([17]Theorem 6.2.1 ). Let X be a reflexive Banach space,
and let f : M C X — R be Gateaux differentiable over the closed, convex
set M. Then the following conditions are equivalent:

(1) fis convex over M.
(1) We have

flu) = fv) = < f'(v),u—v>xxx  Yu,v€M,

where X* denotes the dual of the space X.
(1it) The first Gateaux derivative is monotone, that is,

< fl(u) = f/(v),u—v >xexx =0 Yu,v € M.
(iv) The second Gateaux derivative of f exists and it is positive, that is,
< f"(u)ov,v >xexx =0 Yo € M.
Lemma 2.11. The functional ® is sequentially weakly lower semi-continuous.

Proof. By ([5] Section 1.4), it is enough to prove that ® is lower semi-
continuous. To this end, fix u € le(')(Q) and ¢ > 0. By (bs) and
Theorem 2.10 (iii) we deduce that for any v € Wl’ﬁ(‘)(Q), the following
inequality holds:

Q(v) — @(u) >< ®'(u), v —u PWLFO(Q)x (WL O)(Q))*
N N
O(v) > <I>(u)+/ Zai(m,8xiu)(8xiv—8xiu)dx+/ Zh(x)ai(x,u)(v—u)dx,
Q=1 81
using (b) and

N
®(v) > d(u) — max{cy, ...,cN}/ > O uf |8i(v —u)| dx
Q i=1 T

N
—|[h]] oo max{z, ...,cN}/ S P [o — ) da,
Q=1

N
11 L .
P> (I)(u)_(p:+pf)max{cla “.’CN}/Q ;_1 ’ ’azzu‘pl( ) 1’Lp;(z)((2) lain—ag;iU|Lpi(x)(Q) dzr
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N
1 1 _ _ () —

—\hHLoo(p+p,)maX{Cl,.--,CN}/QZ| JufPi®) 1\Lp;(a:)(g) V=l pi) () dw-
- i=1

The above inequality and relation (4) imply that there exists M > 0 such
that

(v) = ®(u) — Mlv —ul = (u) —¢,
for all v € Wl’?(')(ﬂ) with |lv —ul| <6 = % Therefore ® is sequentially
weakly lower semi-continuous. O
Now, we state our first main results as follows.
Theorem 2.12. Assume that
in{ki, ..., kn }7P-
sup Hlln{ 1y--2y TL}’}/
v>0 JoSupjy <y F(@,t)dz

where ¢ is the constant defined in (2.5). Then the problem (1.1) admits at
least one weak solution in Wl’?(')(Q).

> pleh-, (2.18)

Proof. Our aim is to apply Theorem 2.6 to our problem. To this end, let
®, U be the functionals defined in (2.14) and (2.15). ¥’ : WL?(')(Q) —
Wl’ﬁ(')(Q)* is a compact operator. Indeed, it is enough to show that ¥’
is strongly continuous on WL?(')(Q). Fr fixed u € le(')(Q), let u, — u
weakly in le(')(Q) as n — oo, then u, converges uniformly to u on €2 as
n — oo( see [22]). Since f is continuous in R for every Wl’?(')(Q) € Q2 so
f(z,un) — f(z,u), as n — oo. Hence, ¥'(u,) — ¥'(u) as n — oo. Thus
the functional ¥’ is strongly continuous on le(')(Q), which implies that
U’ is a compact operator by proposition 26.2 of [22] ( On the other hand
the fact that W17 () () is compactly embedded into C°(2) implies that the
operator ¥ : Wl’ﬁ(')(Q) — le(')(Q)* is compact).

Now, we observe that @' is uniformly monotone. It follows that the func-
tional

o Wl’?(')(Q) — (Wl’?(')(Q))* has a continuous inverse operator on
(le(')(ﬂ))*, where (Wl’?(')(Q))* denotes the dual space of Wl’?(')(Q).
Furthermore, according to Lemma 2.9 and Lemma 2.11 & is coercive and
sequentially weakly lower semicontinuous.

So the functionals ®, ¥ satisfy all regularity assumptions requested in The-
orem 2.6.

By using condition (2.18), there exists 7 > 0 such that

min{ky, ..., k, }7°-
Josupp <y F(x,t)dx

> plel-. (2.19)

Choose
min{ky, ..., kn} 7, ,-
= —+(*) -
by c
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Moreover, for all u € le(')(ﬂ) with ®(u) < r, from lem 2.8, one has
1

,(piT)E}-

++‘ =

lull” < max{(pir)P

So, due to the (2.5), one has ||ul|s < 7.
From the definition of r, it follows that

O —o0,r)={uc WL?(.)(Q); B(u) <1} C{uc Wl’?(')(Q); | <7},

and this follows

U(u) < sup / F(z,u(z))dr < / sup F(z,t)dz,
u€d—1(—o0o,r) JQ Q |ty
for every u € Wl’?(')(Q) such that ®(u) < r. Then

sup \Il(u)g/ sup F(z,t)dz.
D(u)<r Q |ty

From the definition of ¢(r), since 0 € ®~!(—o0,7) and ®(0) = ¥(0) = 0,
one has

B . SUPyed—1(J—ooyr]) Y(U) — V(u)  SUPyca—1(—ooy) V(1)
p(r) = inf — <
ved=1(]—o0,r|) r—®(v) r
Josupy < F(x,t)dx
= min{ky, ok} T,
T (E)
Py

At this point, we see that
- Josupy < F(z,t)dx
P S min{ki, ..., k:n}<j)p: ‘

+
b c

(2.20)

1
From (2.18) and (2.19) one has ¢(r) < 1. Hence, since 1 € (07ﬁ), by
o(r

applying Theorem2.6 the functional I, admits at least one critical point
(local minima) u € ®~1(—o0, 7). O
Example 2.13. Let Q = {(x1,22,73) € R3 : 23 + 23 + 23 < 9}. consider
the following problem
=30 1 00, (100, uP @200 u) + 00 JuPi @2 = Aet(u +u?) 2 €Q,
ou
0 x € 051,

(2.21)
where p;(z) = 22 +9 for all 1, 29,23 € R. We have F(t) = e!(t* —t+1) —1,
for every t € R. We obtain p_ =9 and pi = 18. Since

52

~9
sup > 18c"meas(Q),

y>0 SUDjy <y € (2 —t +1) — 1
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hence, Theorem 2.12 implies that the problem (2.21) admits at least one
weak solution in Wl’ﬁ(')(Q).

Now, we state second main results to find three weak solutions for the
problem (1.1). Our approach is the following problem:

Theorem 2.14 ([2, Theorem 7.1]). Let X be a real Banach space and let
&, U : X — R be two continuously Gateaux differentiable functions with ®
bounded from below. Assume that there is r € |infx®, supx V[ such that

o(r) < p(r),
where
. SUPyedp—1(]—oo,r)) ¥ (1) — ¥(v)
= f

SD(T) vecbfllﬁ—oo,r[) r— ‘I)(U) ’
and

o) = sup P(v) = SUPyeqp—1 (oo, ¥ (W)

ved=1(Jr,00[) ®(v) —r
and for each A € ]1, 1[ the function Iy = ® — AV is bounded from
p(r)" ¢(r)

below and satisfies (PS)-condition.
Then, for each \ € ]

points.

the function I admits at least three critical

L [
p(r)" (r)
Remark 2.15 ([2]). If we assume that ®(0) = ¥(0) = 0 and there are r > 0
and u € X, with ®(w) > r, such that

SUPyedp—1(|—ooy) (1)  U(7)
r o (u)’
then one has ¢(r) < p(r) and, in addition,

() r
U (%)’ SUPyeq-1(—oo,) ¥ (1)

Proposition 2.16 ([2, Proposition 2.2]). Let X be a reflexive real Banach
space; ® : X — R be a continuously Gateauz differentiable function whose
Gateauz derivative admits a continuous inverse on X*, and ¥ : X — R be
a continuously Gateauz differentiable function whose Gateauzr derivative s
compact. Assume that the function ® — ¥ is coercive.

Then, for all ri,r9 € [—00,+00|, with r1 < 1o, the function ® — ¥ satisfies
the "l (PS)2_condition.

Theorem 2.17. Assume that ¢ be a positive constants with

Josupy <. F(z, t)dx fQ x,0)dx
r Ccp_'.

, (2.22)



MULTIPLE SOLUTIONS FOR 11

and
5P-
0<r<h” min{ky,...,kn} ——meas(Q) (2.23)
Dy
Then, for each parameter X belonging to
A(r,é) = (224)
Ccpi r
fQ F(z,8)dz’ fQ SUDjy) <, F(z,t)dt |’

the problem (1.1) possesses at least three distinct weak solutions in Wl’?(')(Q).

Proof. Our aim is to apply Theorem 2.14 to our problem. To this end, let
®, ¥ be the functionals defined in (2.15), (2.16).

Then ¥ : Wl’ﬁ(')(Q) — (Wl’ﬁ(')(Q)y is a compact operator. On the
other hand the fact that WL?(')(Q) is compactly embedded into C°(€2)
implies that the operator ¥’ : le(')(Q) — (le(')(ﬂ))* is compact.
Furthermore, according to Lemma 2.8 and 2.9, ® is bounded from below
and ® — AV is coercive.

So the functionals ®, ¥ satisfy in all regularity assumptions requested in
Theorem 2.14, (we apply Proposition 2.16 and do not require (PS)-condition
).
Here and in the sequel we have ®(0) = ¥(0) = 0 and ®(u) > 0 for every
u € X. In the following, our aim is to verify condition (2.22). Put v :=4 €
W7 ()(Q) with § > 1, we have

Y

h™ min {ky,...,kn} —meas() < () < ¢,
Dy

and
\If(v):/QF(ac,(S)dx.

So, r < ®(v). Moreover, for all u € le(')(Q) such that
u € @1 (J]—o0,7[), taking (2.6) into account, one has |u(z)| < c for all z € Q,
from which it follows

sup U(u) = sup / F(x,u(z))dr < / sup F(x,t)dz,
u€® ! (]—oo,r]) u€®~!(]—oo,r[) JQ Q ft|<c
and
SUPyed—1(]—oc,r|) \IJ(U) < fQ SUP|¢|<c F(xv t)dl’ (2 25)
r - r ’ ’
Moreover, one has
) F
V@), Jo ' 0)de (2.26)

®(v) Ccpi
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From (2.22) it follows that

SUPyedp—1(|—ooy) V(1)  U(D)
- <30 (2.27)

Now, we observe that

. SUPyedp—1 (|—oo,r)) ¥ (1) — ¥(v)
= f
SO(T) veé_%%foo,r[) r— <I>(v)
_ SUPuca—1(—cor)) W (u)

= )
r

and

)= sup U(v) = SUPyep-1(]—oo,]) ¥ (1)
ve®~1(Jr,00[) (I)(U) -r

(V) = SuPyuea—1(j—oo) Y1)
- o(v) —r

SUPuea-1 (o)) Y1) _ U(D)
< .
r < o(v) — pr)
So, all conditions that we need is verified. Since all the assumptions of

Theorem 2.14 are satisfied, then, for each

Hence, ¢(r) <

Ccpi r
fQ F(z,6)dz’ fQ SUP|¢|<¢ F(z,t)dt |’

the functional I, has at least three distinct critical points that are weak
solutions of the problem(1.1). The proof is complete. O

A€ A(r,&) =

Example 2.18. Define g : R — R as follows

0 t <0,
gty =4 ™+ 0<t<1,
#£(=) t>1,

where £(x) € ]O,p: -1 [ Further, let m : 2 — R be a bounded measurable
and positive function. From theorem 2.17, for each

meas(Q) . \(5\pi

A > in ,
M| 1) 6>0.G(6)>0 p~ G(9)
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where G(0) := foé g(t)dt, the following problem

N
= 8 (1000l 200 )+ L PO u = dm(@)g(w), e
ou x € 0N

a0

possesses at least three weak solutions in Wl’?(')(ﬂ).
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