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Abstract. In this paper we apply fixed point theory and measure the-
ory to investigate the existence of unique solutions for integro differential
equations with reflection (IDE-R). Using almost automorphic functions,
we study the solutions of these equations, which are of pseudo almost
automorphic (PAA) type, by introducing the Mittag-Leffler function.
Finally, we present an example we illustrate the application of the main
results obtained.

1. Introduction

In the extensive research on differential equations in the literature, dif-
ferent unique solutions such as periodic, almost periodic, and automorphic
have been obtained for these equations and generalizations and ideas are
presented in different fields (also researchers considered weighted pseudo
almost periodic functions which is a generalization of pseudo almost period-
icity functions) [1, 2].

The main purpose in this paper is to investigate the existence of solu-
tions for the IDE-R, which is defined as follows (considering the continuous
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functions of k , ϕ : R3 → R and L : R+ → R+):

ψ′(w) = τψ(w) + κψ(−w) + h(w) + k(w , ψ(ϑ(w)), ψ(ϑ(−w))) (1.1)

+

∫ +∞

w
L(z − w)ϕ(z , ψ(ϑ(w)), ψ(ϑ(−w)))dw

+

∫ +∞

−w
L(z + w)ϕ(z , ψ(ϑ(z )), ψ(ϑ(−z )))dz , w ∈ R,

for τ ∈ R, κ ∈ R∗.

2. Basic concepts

Definition 2.1. For Banach space Y and every k ∈ C(R,Y), suppose
that (z`) is a real sequence. If there is a sub-sequence (z`k) such that
lim`k→∞ k (r + z`k) = k(r) and lim`k→∞ h (r − z`k) = k(r), then, k is said
to be almost automorphic or k ∈ AA(R,Y), for every r ∈ R.

Definition 2.2 ([3]). We consider a ζ-field Z as type Lebesque of R and
suppose M is the space of all positive measures on Z. Then η ∈M if

(1 ) η([τ, κ]) <∞, for all τ ≤ κ ∈ R,
(2 ) η(R) = +∞.

Definition 2.3 ([4]). Given the Banach space Y and the positive measure
η ∈ M, a function k : R → Y that is bounded continuous is called η-
ergodic, k ∈ E(R,Y, η), if lims→∞

1
η([−s,s])

∫
[−s,s] ‖k(w)‖dη(w) = 0, where

η([−s, s]) :=
∫ s
−s dη(r).

Definition 2.4 ([5]). Given the Banach space Y and the positive measure
η ∈ M, a function k : R → Y that is continuous is called η-PAA if k =
h1 + u1, where h1 is an almost automorphic function (h1 ∈ AA(R,Y)) and
u1 is an ergodic function.

To prove the main results of this paper, we consider the following hy-
potheses:

(N1) There exist a continuous and increasing function ϑ : R → R such
that for all v ∈ AA(R,R), we have voϑ ∈ AA(R,R).

(N2) For every γ ∈ R, there exist ϑ > 0 and a bounded interval J such
that for positive measure η, we have η({τ + γ : τ ∈ U}) ≤ ϑη(U),
whenever U ∈ Z satisfies U ∩ J = ∅.

(N3) There exist , ` > 0 such that for all U ∈ Z,

η(−U) ≤ + `η(U).

(N4) There is a function ρ : R → R+ such that for all E ∈ B(R), η ∈
M and ηϑ(E) = η

(
ϑ−1(E)

)
we have dηϑ(r) ≤ ρ(r)dη(r), ρ is also

continuous, strictly increasing and

lim sup
η[−P(a), P(a)]

η[−a, a]
Q(P(a)) < +∞,

where P(a) = |ϑ(a)|+ |ϑ(−a)| and Q(P(a)) = supr∈[−P(a),P(a)]ρ(P).
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(N5) Given ρ =
√
τ2 − κ2, where τ > κ, the following holds

D1(ρ, η) := sup
s>0

{∫ s

−s

∞∑
`=0

(−ρ(r + s))`

Γ(`α+ θ)
dη(r)

}
<∞,

and

D2(ρ, η) := sup
s>0

{∫ s

−s

∞∑
`=0

(−ρ(−r + s))`

Γ(`α+ θ)
dη(r)

}
<∞.

(N6) k : R× R2 → R has a Lipschitz coefficient Hk > 0 such that

|k (r , v1,w1)− k (r , v2,w2)| ≤ Hk (|v1 − v2|+ |w1 − w2|) ,

for all (v1,w1) , (v2,w2) ∈ R2.
(N7) ϕ : R× R2 → R has a Lipschitz coefficient Hϕ > 0 such that

|ϕ (r , ψ1, ψ2)− ψ (r ,z1,z2)| < Hϕ (|ψ1 −z1|+ |ψ2 −z2|) ,

for all ψ1, ψ2,z1,z2 ∈ R.
(N8) There exists L : R+ → R+ such that g =

∫ +∞
0 L(w)dw <∞.

To prove the results we consider two states for the Lipschitz coefficients of
the functions above. In one state (above) these coefficients are constant
and in the second state (below) they are not constant. In the following, we
express the necessary conditions according to the second state.

(N9) k : R × R2 → R has a Lipschitz function Hk ∈ Lp(R,R, dv) ∩
Lp(R,R, dη) such that

|k (r , v1,w1)− k (r , v2,w2)| ≤ Hk (r) (|v1 − v2|+ |w1 − w2|) ,

where η ∈M, p > 1 and for all (v1,w1) , (v2,w2) ∈ R2.
(N10) ϕ : R × R2 → R has a Lipschitz function Hϕ ∈ Lp(R,R, dv) ∩

Lp(R,R, dη) such that

|ϕ (r , v1,w1)− ϕ (r , v2,w2)| ≤ Hϕ(r) (|v1 − v2|+ |w1 − w2|) ,

where η ∈M, p > 1 and for all (v1,w1) , (v2,w2) ∈ R2.
(N11) There exists L : R+ → R+, such that∫ +∞

0
(L(w))γdw < +∞, for all γ > 1.

3. Existence of a unique η-PAA solution for equation (1.1) in
two-states

Theorem 3.1. Let k , ϕ ∈ PAP(R,R, η) and assume that (N4)-(N8), (N1)-
(N3) are satisfied. Then equation (1.1) has a unique η-PAA solution if

|ρ− τ |+ |ρ+ τ |+ 2|κ|
ρ(
∑∞

`=0
(ρr)`

Γ(`α+θ)

∑∞
`=0

(−ρ)`r`+1

(`+1)Γ(`α+θ))
(Hk + 2gHϕ) < 1.
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Theorem 3.2. Consider k , ϕ ∈ PAP(R×R2,R, η) and assume that condi-
tions (N1)-(N5) and (N9)-(N10) are satisfied. Then, equation (1.1) has a
unique η-PAA solution if

‖Hk‖Lp(R,R,dv) + 2

(∫ +∞

0
(L(w))q

) 1
q

‖Hϕ‖Lp(R,R,dv) <

∑∞
`=0

((−ρ)
1
q r)`

ρq
1
q Γ(`α+θ)

∑∞
`=0

(−ρ)
`
q r`+1

(`+1)Γ(`α+θ)

|ρ− τ |+ |ρ+ τ |+ 2|κ|
,

(3.1)

where 1
p + 1

q = 1.

Example 3.3. If we consider an equation of type (1.1) such that L(z ) =∑∞
`=0

(−|z |)`
Γ(α`+θ) for all z ∈ R+. In order for condition (N1) to be true,

we set ϑ(r) = 1
r+1 − e. By putting τ = 4, κ =

√
7, ρ =

√
τ2 − κ2 =

3, k(r , v ,w) = ϕ(r , v ,w) = 1
15

∑∞
`=0

(−|r |)`
Γ(α`+θ) [sin v + cos w ], p = q = 1

2 , α =

1, θ = 1 and ‖Hk‖L2(R,R,dv) = ‖Hϕ‖L2(R,R,dv) = 1
15 and ‖Hk‖L2(R,R,dη) =

‖Hϕ‖L2(R,R,dη) ≤
1
15

√
exp(1) condition (N7) is satisfiedn where Hk (r) =

Hϕ(r) = 1
15

∑∞
`=0

(−|r |)`
Γ(α`+θ) . Therefore

‖Hk‖L2(R,R,dv) + 2

(∫ +∞

0
(L(w))2dw

) 1
2

‖Hϕ‖L2(R,R,dv)

=

√
2 + 1

15
<

e18

|ρ− τ |+ |ρ+ τ |+ 2|κ|
=

e18

8 + 2
√

7
.

all the conditions of theorem 3.2 are satisfied and equation has a unique
η-PAP solution.
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