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ABSTRACT. A real mapping M (t) is introduced, a generalized form of
Fejér’s inequality is obtained and some new and generalized inequalities
in connection with fractional integrals and monotone functions are given.

1. INTRODUCTION AND PRELIMINARIES

Lipét Fejér (1880-1959) in 1906 [!], while studying trigonometric poly-
nomials, discovered the following integral inequalities which later became
known as Fejér’s inequality (in some references is separated to the left and
right):

#(*30 [ ' Gy < / PG < TOETE) / Gy, (1)

where F is a convex function ([9]) in the interval (a,b) and G is a positive
function in the same interval such that

a+b

2 ?
ie., y = G(x) is a symmetric curve with respect to the straight line which
contains the point (aTer, 0) and is normal to the z-axis. In fact the Fejér’s

Gla+t)=G0b—-1t), 0<t<
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inequality (1.1), is the weighted version of celebrated Hermite-Hadamard’s
inequality for convex function f : [a,b] — R:

f(a+b>§ ! /bf(x)d:cgw. (1.2)

2 b—a 2

Our aim in this paper is obtaining a generalized form of Fejér’s inequality and
applying it to give some new and generalized inequalities in connection with
fractional integrals and monotone functions. We introduce a real mapping
MY (t) and obtain some basic properties for it. Also we use the concept of
h-convexity introduced by S. VaroSanec in 2006 ([13]):

Definition 1.1. We say that a non-negative function f: I C R — R is h-
convex or f € SX(h,I), if for non-negative function h: (0,1) CJ CR - R
(h#0), all z,y € I and « € (0,1) we have

Flax+ (1 — a)y) < h(a)F(x) + (1 — @) F(y).
f is said to be h-concave or f € SV (h,I), If above inequality is reversed.

The mapping M“f(t) For two real numbers a < b, consider integrable
functions f : [a,b] - R and w : [a,b] — RT U {0}. Define a mapping
MG(t):[0,1] = R as

m¢(L,R) b
Myt = [ faelade+ [ fepds,

Mi(L,R)
such that
my(L,R) = min{L(t),R(t)}, My(L,R) = max{L(t),R(t)}

where L(t) : [0,1] — [a,b] and R(t) : [0,1] — [a,b] are considered as the
following:
L(t)=tb+ (1 —t)a,R(t) =ta+ (1 —1t)b
for any ¢ € [0, 1]. Note that
mt(ﬁ,’R) b
M) = [ s@dat [ fas
a M (L,R)

where by 1, we mean w = 1.

Some basic properties for the mapping M“j(t) are obtained in the follow-
ing:
Proposition 1.2. Consider two functions f : [a,b] - R and w : [a,b] —
R*T U{0}. Then
(i) For all t € [0, 1],
ME(t) = M1~ 1),

which shows M%(t) is symmetric on [a, b] with respect to 1.
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(ii) For symmetric w on [a, b] with respect to ‘%b and p,q > 1 with %+% =1,
we have

M) < 1 Il
Also if my(L,R) = L(t), then
Yalt(b — a)]7 | llgll oo,

and if m;(L,R) = R(t), then

Q=

(1= 1)(b = a)]7 [wllgll 1o

(iii) Suppose that the function (fw)(x) = f(z)w(z) is convex on [a, b]. If

mi (L, R) = R(t) for some ¢ € [0, 1), then the function Nllf_(tt) is convex. Also

ML (t
if my(L,R) = L(t) for some t € (0, 1], then the function 'Q( ) is convex.
(iv) Suppose that f and w are two continuous functions on [a,b]. If f is
nonnegative (nonpositive) on [a,b], then the function M%() is increasing

M) < 5)

(decreasing) on [0, 1) and it is decreasmg (increasing) on (%, 1]. Also M5(t)

2
has a relative extreme point in t = 5. If w # 0, then corresponding to any

z € [a,b] \ {42} satisfying
f(@)+ flatb—=z) =0,

there exists a critical point for M%(2).

2. GENERALIZATION AND REFINEMENT OF FEJER’S INEQUALITY

The following result presents a new and generalized type of the celebrated
Fejér’s inequality in connection with h-convex functions.

Theorem 2.1. Consider two integrable functions f : [a,b] — R and w :
la,b] — RT U {0} such that f is h-convex and w is symmetric with respect
to ‘H‘b For all t € [0,1], the following inequality hold:

L) [ o [ ot ao @

2h(3 2 mi(L,R)
[R() = LOIS o £0) +[foRIW) [0, ( o =R@H) \
< (L(6) — R(1)) /R(t) h(ﬁ(t)—R(w) e

RO =L@ LI +[FoRIO)) (RO o £
- (R0 — L) / h(n@)—ﬁ(t))“’@)d”

Inequality (2.1) is a generalization of many Fejér’s type inequalities ob-
tained for h-convex functions in literature. However if we set h(s) = s in

L(t)
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(2.1), then the following inequality holds:
a-+b Mt(ﬁ,'R) "
f( . )/ d,x</f p)dr — M3(t)  (2.2)
t(L,R)

[ o £)(t) + [f o RI(H) R
= TRM) - £00) /,,-@ (@ = LH)w(z)d

et feRIW (£,
= L0 - R /R@ (@ = R(t)w(z)de,

Inequality (2.2) is a new generalized Fejér’s type inequality related to the
convex functions.

If we set t = 0,1 in (2.1) (M$(0) = M%(1) = 0), then we recapture the
following Fejér’s type inequality related to the h-convex functions obtained

in [2]:
2}; )f(“+b)/ dx</ flo (2.3)

3
< (b—a)f(a) + F(b )}/0 h(s)w(sa+ (1 - s)b)ds,

Also we can obtain a new h-convex version of Fejér’s inequality:

th )f<a+b)/ d:n</ flo (2.4)

i
2
st Py
a b rr—a
:7']0( );f(b)/a H(b_a)w(x)da:.

If in (2.3) and (2.4) we consider w = 1, then we recapture the following
result obtained in [11]:

1 a-+b 1 b 1
! (37) =50 [ 1@ < @+ 50)] [ noyas

which is the Hermite-Hadamard’s inequality related to h-convex functions.

3. FRACTIONAL INTEGRALS

In this section, we introduce a new class of fractional integrals and just
consider one special case which is known in literature as Riemann-Liouville
fractional integrals (see [5, 7, 8, 10]) to find some hermite-hadamard’s type
inequalities for it by using generalized Fejér inequality obtained in previous
section.
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For ¢ € [0,1]\{3} consider a bifunction G : [m(£, R), My(L, R)]x [mu(L, R), M¢(L,R)] —
R U {0} and define the following class of fractional integrals:

Fouery+ (@) = / G(z,u) f(u)du, x>m(L,R)
m¢(L,R)

and

Fu

t

Mi(L,R)
()~ Lf1(2) = / Gz, u)f(u)du, =< M;(L,R)

if above integrals exist.
Now we discuss a special case of 7, n)+[f](2) and Fyp o - [f](x) and
obtain some results in connection with Theorem 2.1.

In ]:mt(ﬁ,R)Jr[f] (x) and ‘FMt(,C,R)* [f](x) for @ > 0, consider

1
I'(«)

So we achieve the following generalized Riemann-Liouville fractional inte-
grals:

G(z,u) = |z —u|®Y, z,u € [me(L,R), My(L,R)].

a 1 v o
ey )= I'(a) /W(L,R) (=) flwdu @ >mi(L,R)
and
1 M(L,R) .
Tnery-F(@) = F(a)/ (u—2)* ' f(u)dt ML, R) < x.

Fractional integrals jst (LR f(z) and J 1\2 (R

0, 1) reduce to J2, f(x) and J{* f(x) respectively, which are known as Riemann-
Liouville fractional integrals. Now in Theorem 2.1, consider

w(z) = (My(L,R) — )t + (2 — my(L,R))*!
- I'(a)

It is not hard to see that w is symmetric on [m;(L, R), Mi(L,R)] with

respect to “TH) and also nonnegative. Also the following results hold:

)_f(x) in special case (t =

, T € [mt(E,T\’,),Mt(E,R)]

w(x

/Mf(ﬁvR) e — 2(My(L,R) —my(L,R))"  2(b—a)?|1 — 2t
me(L,R) [la+1) [(a+1) ’

b
[ @@ MFO) = T2, ¢ pys IORER) + T3, 2y L ma £ R)),
and

! 1
| koo Adtm (2. R). M2 R)ds = (M2 R) = (£, R) [ ().
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Above results altogether imply that:

[T

b— a)a|1 _ 2t|o‘ mt(QR)Jr[f](Mt(ﬁv R)) + jﬁt(ﬁ’n)* [f] (mt(£7 R))]

(3.1)

h(lé)f(a—2|—6> < : I'a+1)

1
<alf o L)+ foR()] [ H(ssds

for t € [0,1]\ {3}
In the case that h(s) = s, from (3.1) we reach the following inequality
which is generalization of inequality (2.1) obtained in [12]:

a+b INa+1) o
(%5 )—2(b—a)ay1—2tya[‘7mt
<fo[,(t)—|-fo7?,(t)
- 2

ey (L R)) + Ty oy~ [F1(me(£,R))]

Also for o« = 1, we obtain a generalization of inequality (2.1) presented in

M¢(L,R)

1 ra+b 1 !
! (57) S G a Ly (@ S (0L 4 FoRE) [ s

4. REFINEMENTS FOR HERMITE-HADAMARD’S INEQUALITY BY
MONOTONE FUNCTIONS

In this section, we obtain some refinements for Hermite-Hadamard’s in-
equality by the use of fractional integrals discussed in previous section pro-
vided that considered functions are nonnegative and monotone. We focus
on Riemann-Liouville fractional integrals but results can be extended to
many classes of fractional integrals. We need the following result which is a
consequence of Theorem 1 in [1](see also [3, (]).

Theorem 4.1. If fi and fo are nonnegative increasing functions on [0, 1],
Then

/01 fi(z)dx /01 fo(x)dx < /01 f1(x) fo(x)dz.

Here we give some refinements for Hermite-Hadamard’s inequality by the
use of fractional integrals for h-convex functions:

Theorem 4.2. Suppose that f : [a,b] — R is an integrable h-convex function
and t € [0,1]\ {3}. Then
(i) For a > 1, the following inequality holds if f is nonnegative and increasing
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1 ,sa+b 1 Mi(LR)
2h(;)f< 2 )5 11— 2t|(b—a) /mt(m) f(w)du (4.1)

IN'Na+1
< el oy UL )+ T ey (2,70

- a[f oL(t)+fo R(t)] /01 H(s)s®\ds,

2

(ii) For any o > 0 we have

1 a+b
2h(;)f( 5 ) (4.2)
I'a+1
- 2’1 _ ét’:{b )_ a)a [ rit(QR)Jr[f](Mt(ﬁv,R’)) + jj\o/[[t(LR)*[f](mt(ﬁvR))

a /Mt(C,R) ( )
<o f(u)du.
11— 2t|(b—a) Jum,(£R)
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