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ABSTRACT. We study the existence of weak solutions to a (p, g)-biharmonic
elliptic equation involving a singular term under Navier boundary con-
ditions, by using variational methods.

1. INTRODUCTION

Stationary problems involving singular nonlinearities, as well as the asso-
ciated evolution equations, describe naturally several physical phenomena
and applied economical models. This kind of problems intensively studied
in the last decades, specially with the Steklov boundary conditions [1]. In
the present paper, we consider the following (p, ¢)-biharmonic problem

s—2
{Agu—i-Agu%-Q(x)'“lleS“ = Af(z,u)  inQ, (1)
u=Au=0 on 012,
where Q@ € RM(N > 2) is a bounded domain with boundary of class
C! and p,q are positive parameters satisfying the following inequalities
maz{2,N/2} < q < p < +oo. And, Ay = A(|Au|""2Au) denotes r-
biharmonic operator for r € {p,q}; 0 € L>*(f) is a real function with
inf__50(x) > 0; s is a constant such that 1 < s < N/2; A > 0 is a real
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parameter and f : 2 x R — R is a Carathéodory function which holds the
following growth condition:

|f(2,5)| < a1+ az|s] (1.2)

for (z,s) € Q xR, where a1, az and ~y are positive constants such that v < p
a.e. in ().

2. BASIC DEFINITIONS AND PRELIMINARY RESULTS

Proposition 2.1. [3] Let ¢ < p, a.e. on Q, then LP(Q) — L1(Q2); moreover,
there is a constant kg such that |ulqy < k \u]p
We denote the Sobolev space W*P(Q) for k = 1,2, by
WEP(Q) == {u € LP(Q) : D% € LP(Q), || < k},
that in which D% = M% where o = (o, 9, ..., ay) is a multi-

index with |a| = ¥ ;. The space W?(Q) with the norm

[ullkp = Bjaj<rl D ulp

is a Banach separable and reflexive space. We assume that VVO1 () is the
closure of C§°(€2) in W1P(Q2) which has the norm ||ul|1, = [Dul,. In what
follows, we set

X = Wy P(Q) nW2P(Q),
endowed with the norm |ul| := [, |[Au[Pdz.

Remark 2.2. The embedding X — C°(€2) is compact; moreover, there exist
constant L > 0 such that |u|oc < L||u||, where |u|o = sup,cq u(z).

The next is the classical Hardy-Rellich inequality mentioned in [2].

Lemma 2.3. Let 1 <s < ﬂ. Then for u € W&’S(Q) W?2s(), one has

u
‘|x|25 < ’H/ |Au(x)|*dx,

where H := (M)

52

Definition 2.4. We say that function u € X is a weak solution of Problem
(1.1) if u = Au =0 on 02 and

/|Au|p_2AuAvdﬂs+/ | Au|T2 AuAvdz
Q Q

+ / 0(x)
Q
In the sequel, we put
d(z) =sup{d >0:B(x,0) CQ} and R := supyed(x).
Obviously, there exists 20 = (29, .-+ ,2%,) € Q such that B(z, R) C Q.

5—2
‘|25 uvdx — )\/ f(z,uw)vdx =0
Q

for every v € X.
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3. EXISTENCE RESULT

Let @ : X — R be a functional defined by

1 1 1 s
- / yAu|Pda:+/ \Au|Qda:+/9(x)‘“(“’2)‘ dz,
pJa q.Jq s Ja |z|?s

Remark 3.1. Under the above assumptions, we gain

1
el < @(u) < K(fjull” + [lul)

2 20|00 }

where K = max{z, =52

® is continuously Géateaux differentiable functional; moreover,
(@ (u),v) = / (JAuP@ 2 AuAv + |Au)? @2 AuAv + 0(z)
Q

for u,v € X (see [5]). Let f: @ xR — R be a Caratheodory function
with the growth condition (1.2) and define F (x, t = fo x,8)ds. Then
the functional ¥ : X — R with ¥U(u fQ dx for every u € X is
continuously Gateaux dlfferentlable Wlth the followmg compact derivative
(W' (u),v) == [ f(x,u(z))v(x)dz, for every u,v in X (see [5]). Now, define
Iy=o - \U.

Theorem 3.2. Let f: Q2 x R — R be Carathéodory function satisfy (1.2).
Assume that there exist v > 0 and d > 0 such that

20N 20N R
K(( )P+ ( )*)m(RY —(5)Y) <,
(=g o g ) = )Y
N
where m = ﬂ?({zﬁ) is the measure of unit ball of RN and T is the Gamma
2 2

function. Then for each X\ €|A, B|, where

K((R22_6(]\%)2 )p + (322_6(]\%)2)8)m(RN - (%)N)

1 o
(@ L(pr)? + 2L (pr)7)

A=

I

and
”
|| (alL(pr)% + %LV(pr)%) ,

Problem (1.1) admits at least one non-trivial weak solution.

B =

Proof. For the given A > 0, the functional Iy satisfies the (P.S.)I"] condition.
Let the function wy € X be defined by

0 z€Q\ B R),
wy(z) :={ 0 S N z € B(z0, &),
W(RQ — Yty (z—20)?) z € B(z%R)\ B(z% %),

(3.1)
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where x = (21, -+ ,zn) € Q. Then,
N 82w( | 0 25N T € (Q\B(:UO,R)) UB(xO,g),
Ao T) = 0 R
— Oz} —]%2_7(%)2 z € B(wo, R) \ B(z", 5).
So, by applying Remark 3.1, one has
1 20N R
i e R Y 2 N ("N
< O(w)
20N 20N R
< P _ZPeT s N _ iUWN
<K (G — g o ) - ),

then, we gain ®(w) < r. Using Remark 3.1, for each u € ®~1 ((—o0, 1[), we
have

=

1
lull < [p"@(u)]> < (pFr)>. (32)
Hence, from (3.2) and (1.2), we deduce
sup ¥(u) < \Q](alL(pr)% + @LW(pr)%).
D(u)<r Y

Then, from boundedness ®, one has
i, 2
U (w) 19 (a1 L(pr)? + L7 (pr)?)

>
(w) K((mi‘;i(f\%)?)p+(m2757(f\%)2)s)m(RN_ (%)N)

So, by critical points results duo to Bonanno (Theorem 3.4 of [1]), for each
A €] A, B the functional Iy has at least one non-zero critical point which is
the weak solution of Problem (1.1). O
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