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ABSTRACT. In this note, we introduce a lower triangular conditional
operator on a unital C*-algebra A.

1. INTRODUCTION

A linear mapping E : A — B is called a projection if E(b) = b for every
b € B. In this case E? = F and ||E|| > 1. Tomiyama in [3] prove that if E is a
projection of norm 1 from A onto B, then E is positive, E(a*)E(a) < E(a*a)
and B-linear, that is, E(bjaby) = b1 E(a)by for all a € A and by,be € B. A
B-linear projection E : A — B which is also a positive mapping, is called a
conditional expectation([!, 2, 4, 5, 6, 7, &]).

Let a,b € A and a € C. We denote by L, the left multiplication operator
on A. Define the linear operator Tg, : A — A by T, (z) = E(a)z + aE(x) —
E(a)E(z), where E : A — B is a conditional expectation operator. Each
a € A can be written uniquely as a = a; + ag where a; = FE(a) € B
and az = a — E(a) € N(E), because A = B® N (E). It follows that T, =
Loy+LoE—Lo E = Lo, + Loy E. Thus, aTy+Th = Taars, Ta(N(E)) C N(E)
and ||T,|| < 3l|lal]|. When e = 1 then 77 = I, the identity operator. The
matrix representation of T, with respect to the decomposition A = B&N (E)

1S
. L, 0
Ta - |: La2 La1 :| )
where a = a1 +az. Put axb = axgpb = Ty(b). Then axb = a1b+aby —a1by =
airby + (a1b2 + a2b1). So (a*b)l = a1by and ((I*b)g = a1by + asb;. It follows

that
L, 0 Ly, 0 L(a*b) 0 :|
TaT — 1 1 — 1 — Ta X
b |:La2 La1:| |:Lb2 Lb1:| |:L(a*b)2 L(a*b)l *b

Put K = K(E) = {T, = La, + Lo, E : a € A}. Then K is a subalgebra of
B(.A), the Banach algebra of all bounded and linear maps defined on A and
with values in A. Note that the mapping 7 : A — K given by T (a) =T, is
linear with ||7|| <3 and T (axb) = T (a)T (b) for all a,b € A.
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2. CHARACTERIZATIONS

Let Eq, E5 be two distinct conditional expectations from A onto B. Then
it is easy to check that G := E1 + Fo — I is invertible. Since F1FEo = F»
and EsFE1 = E1, then we have F1G = Fy = GEy, E-G = F4 = GE; and
(I —E)(I — E1)=1— Es.
Proposition 2.1. Fora € A, let T, € K(E1) and S, € K(E2). Then there
is an invertible operator G on A such that GT,G = Sg(,) and the mapping
AT, = GT,G is an algebra isomorphism of K(E1) onto K(E2) which is a
homeomorphism.

Proof. Take G = E; + E5 — I. Then G is invertible with G~ = G. Recall
that for each a,b € A, Ty (b) = axg, b = (E1a)b+ a(E1b) — (E1a)(E1b) and
Sa(b) = a*xg, b = (Eza)b+ a(E3b) — (E2a)(Esb). Then we have
(TaG)(b) = Tu(E1b+ Exb —b)
=ax*pg, (E1b) + axp, (E2b) —ax*g, b
= a(Exb) + (E1a)(E1b) — (Era)b,
and
(GT.G)(b) = (B + Es — D)[a(Esb) + (E1a)(E1b) — (E1a)b]
— Esb — a(Esb) + (Era)b.
On the other hand, we have
Sca(b) = (Ga) xp, b= E3(Ga)b + (Ga)(E2b) — E2(Ga)Ez(b)
= (F1a)b+ (E2a)(E2b) — a(Esb).
Thus, GT,G = Sga € K(E2). Also, A(T,T,) = AMT,)A(Tp). So, A is a

continuous algebra isomorphism and A~!(S}) = GS,G is also continuous
with respect to any of the operator topologies. O

Proposition 2.2. Let a € A. If a1 has a left inverse, then T, is injective.
Moreover, if B has a right invertible element, then the mapping T : A — K
given by T (a) = T, is injective.

Proof. Let T,(b) = 0 for some b € A. Then ajby = —(aibe + azby) €
ANN(E) = {0} and so by = 0. It follows that a1b = 0 and hence b = 0. Now,
let by € B is a right invertible element and let T, (b) = a;b+ab; —a1b; = 0 for
all b € A. Take b = e. Then ae = 0 and so a; = F(ae) = 0. Thus, azb; =0
for all by € B. Take by = by. Then ao = 0. Consequently, a = 0. O

Proposition 2.3. Let Sy(A|B) = {x € A: Aex C B}. Then the following
assertions hold.

(i) Ne+eN +B=VucaR(Ty,), where V denotes the algebraic span.

(11) UaeaTn(So) C B.

(iii) N C Naen N (T,). Moreover, if N has a left invertible element, then
N = Naen N (To).
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Proof. (i) Let a,z € A. Then T,(x) = (agx1)e+e(arxz)+arx; € Ne+eN+B
and hence Ve AR(T,) € Ne+ eN + B. Conversely, let k € N and b € B.
Since ek = Ty (k), ke = Tj(1) and b = Ty(e), then Ne+eN+B C Vaec aR(Ty).

(ii) Let a € A and = € Sy. Then {ex,aex} C B, x1 = E(z) = E(ex) = ex
and so T,(z) = a1z + ax1 — a171 = ajex + aex — ajex = aex € 3. Thus,
UaGATa(SO) - B.

(iii) Let {a,z} € N. Then a3 = 0 = z1, T,(z) = 0 and so x € N(T,)
for all a € N. Now let © € NyeaN(T,) and for some ay € N, there is an
element ap € A such that apas = 1. Then agx; = T,,(x) = 0 and hence
1 = apaswy = 0. Thus, z = 25 € N. O

Proposition 2.4. Let a,b € A. Then the equation Ty X = Ty has a solution
in IC whenever ay has a left inverse.

Proof. Let aga; = 1 and X = T, for some ag,z € A. According to the
matrix form of T,T, = T}, we have
Loy, 0 ] _ [Lb1 0 ]
Ly, Ly |~
It follows that aixz; = by and asxy + ajxes = by. Thus, 1 = agby and
a1ry = by — asx1. Then xo = agbs — agasagb; and hence x = x1 + 29 =
apb + apasagby. O

La2$1+a1fc2 Lal$1

It has been shown in [3, Lemma 1.4, Proposition 3.1] that sN" = N's =0
and ||b+ Sl”sé = ||Lp||;—nr, for all s € S7 and b € B. Using these, we have
1

the following result.
Proposition 2.5. Let |[I — E|| < 1. Then
1ar v < of [ Toskll < [ Tasll < 1Ly llB—5 + [ Las -

Proof. Let s € S1 and x € A with ||z|| = 1. Since E is a contraction, then
we have [z, = [[E(z)|| < B[] [« < [lz]| =1 and [[z2]| = (I = E)z| <
|Z — E|| ||z]| < 1. Then we get that

[Ta, ]| = [larz1 + ar@s| < [|ar2a]| + [lar2s||

= [larza]] + [[(a1 + s)a2|| < sup [larz1]| + [la1 + 5]
B

1€

= ||La,|IB—B +inf|la1 + s|| = || Lo, BB + [|a1 + Sif| 5.
s1

Thus, ||Ta1 H < ”La1HB—>B + HLa1 ||N—>N Also, we have

kg{[”Ta-‘rkH < ||Tzz+(a1—a)|| = HTLHH'

On the other hand, [To 1kl = [[Ta,+(a5+k) | = SUPJz=1 a1z + (a2 + k)z1 ]| >
SUP||z)|=1 [la122| = || La, [[w—nr- Hence, infyen [[Tatk| = || Lay [|v—ar- O

Proposition 2.6. K is closed in the norm operator topology.
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Proof. Let {T,,} € K and ||T,, — T|| — 0, for some T' € B(A). Then we

have I 0 T

. . an 1 1o

hrgo T,, = nhm |:Lan; Lan1:| = [T3 T4] =T
where a,1 = E(a,) and an2 = a, — E(ay). Since T, (N) C N then
T(N) C N, and so T, = 0. Further, limy, o0 || 70, — 11l = 0 im-
plies that lim, o an1 = lim, 00 apre = The = ETEe = E(Te), and so
Thzy = limy, 00 a1 = E(Te)zy for all 21 € B. Thus, T1 = Lg(r.). Like-
wise, for each xo € N we have Tyxo = limy,,_,o ap122 = E(Te¢)z2 and hence
T, = LE(TG). Moreover, since lim,_,oc G, = limy 00 1,1 = T'1, then for
each z1 € B we obtain that T3z = limy, e anex1 = limy, o0 (an — an1)x1 =
(T1 — E(Te))z:1. Cosequently, T1 — E(Te) € N, T3 = Lpi_pg(re) and

7= | Lewe O lek.
Lri_g(re)y LE(Te)
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