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ABSTRACT. Using control functions, we improve and extend some re-
sults of coupled fixed point theorems for nonlinear contractions in par-
tially ordered metric spaces by Lakshmikantam and Cirié¢ [2] to ordered
M-metric spaces.

1. INTRODUCTION

Partial metric spaces, which are generalizations of metric spaces, intro-
duced by S. G. Mathews [3] as a part of the study of denotational semantics
of data flow networks and he gave a Banach fixed point result for these
spaces. After that, In 2014 Asadi et al. [1] introduced the M-metric space
which extends p-metric space, by some of certain fixed point theorems ob-
tained therein, many authors proved fixed point theorems on M-metric
spaces, see [1]. Lakshmikantam and Cirié¢ in [2], gave some interesting fixed
point results on ordered metric spaces, but there exist two error in that pa-
per. In this paper, using a class of control functions, we extend main results
of [2] to complete M-metric spaces. We mention two errors of [2] as well.

Definition 1.1. ([!]) Let X be a non empty set. A function m : X x X —
RT is called a m-metric if the following conditions are satisfied:

(m1l) m(z,z) =m(y,y) =m(z,y) < ==y,
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Where
Mgy = min{m(z, z), m(y,y)}.
Then the pair (X, m) is called an M-metric space.
The following notation is useful in the sequel.
Mxy = max{m(x7 I‘), m(ya y)}

We note that every p-metric is a m-metric. In the following example we
present an example of a m-metric which is not p-metric.

Example 1.2. ([1]) Let X = {1,2,3}. Define
m(1,2) =m(2,1) =m(1,1) =38

m(1,3) =m(3,1) =m(3,2) =m(2,3) =7 m(2,2)=9 m(3,3)=5

so m is m-metric but m is not p-metric. Since m(2,2) £ m(1,2) means m
is not p-metric. If D(z,y) = m(z,y) — my, then m(1,2) = my2 = 8 but it
means D(1,2) = 0 while 1 # 2 which means D is not metric.

Definition 1.3. Let (X, <) be a partially ordered set and f: X x X — X
and g : X — X. We say f has the mixed g-monotone property if for any
T,Y,%1,22,Y1,Y2 € X

g(x1) < g(x2) implies  f(z1,y) < f(x2,y) (1.1)
and

g(y1) < g(y2) implies  f(z,y1) < f(z,92) (1.2)

Definition 1.4. An element (z,y) € X x X is called a coupled coincidence
point of mappings f: X x X - X and g: X — X if

flz,y) =g(x), fly,z)=9g(y).

Definition 1.5. Let f: X x X —- X and g: X — X. We say f and g are
commutative if for all x,y € X

9(f(z,y)) = fg(z), 9(y))-
For simplicity, we denote g(z) by gz.

2. MAIN RESULTS

Definition 2.1. Let ¢ : R™ — R™ be such that (t) — 0 if and only if
t — 0, 11 is nondecreasing and one to one and ¥(a + b) < ¥(a) + 1(b)
(sub-additivity) for a,b € R*. We denote the set of these functions by W.
For example, ¥ (t) = at and ¥ (t) = e for a > 0 belong to W.
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Theorem 2.2. Let (X,m,<) be a partially ordered complete M -metric

space. Assume that there is a function ¢ : [0, +00) — [0, +00) with ¢(0) =0,

p(t) <t and lim+ o(r) <t for each t > 0 and also suppose f: X x X — X
r—t

and g : X — X are such that f has the mixed g-monotone property and

V(m(f.p), flu.v))) < o PIIIW) +Vmlgy: 90))
for all x,y,u,v € X for which gxr < gu and gy > gv and v € V. Suppose
f(X x X) C g(X), g is continuous and commute with f and also suppose
either

(a) f is continuous or

(b) X has the following property:

(2.1)

(i) if for a non-decreasing sequence m* (x,,x) — 0, then
gz, < gz for alln. (4)
(ii) #f for a non-increasing sequence m* (yn,y) — 0 , then

9y < gyn for alln. (5)
If there exist xo,yo € X such that

9(z0) < f(zo,y0) and g(yo) > f(vo, o),
then f and g have a coupled coincidence point.

If (X, <) is a partially ordered set, we can endowed X x X with a partial
order as follows:

(z1,91) < (22,92) <= 21 < z2 and y2 < y1.
The following uniqueness theorem is a generalization of Theorem 2.2 of [5].

Theorem 2.3. If in Theorem 2.2, we also suppose that for any (x,y) and
(x*,y*) in X x X, there is (u,v) € X x X such that (f(u,v), f(v,u)) is com-
parable to (f(z,y), f(y,x)) and (f(z*,y*), f(y*,z*)), then there is a unique
point (z,w) such that z = gz = f(z,w),w = gw = f(w, 2).

Remark 2.4. Tt is noted that, the relation (31) in the proof of Theorem 2.2
of [2], is not correct because in general ¢ is not non-decreasing.
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