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EQUIVALENT METRICS ON NORMAL COMPOSITION OPERATORS

MOHAMMAD R. JABBARZADEH AND SEDDIGHE HAGHIGHATJOO

We define some metrics on the set of all bounded normal composition operators in L2(6), and show that
these metrics are equivalent with the metric induced by the usual operator norm.

1. Introduction and preliminaries

Let H be a separable, infinite-dimensional, complex Hilbert space and let B(H) denote the algebra of all
bounded linear operators on H. For A ∈ B(H), let A∗, R(A), r(A) and ‖A‖ denote the adjoint, the range,
the spectral radius and the usual operator norm of A, respectively. A is called positive if 〈Ax, x〉 ≥ 0
holds for each x ∈H, in which case we write A ≥ 0. Let A ∈ C(H), the subsets of closed and densely
defined linear operators on H. Then the defect operator I + A∗A is a bounded and invertible operator
on H. The orthogonal projection of H⊕H onto the graph G(A) of A ∈ C(H) is given by the operator
block matrix [21, p. 54]

P(A)=
[
(I + A∗A)−1 A∗(I + AA∗)−1

A(I + A∗A)−1 AA∗(I + AA∗)−1

]
.

For A ∈ C(H), put K (A) = I + A∗A, R(A) = (I + A∗A)−1 and S(A) = (I + A∗A)−1/2. The topolog-
ical structure of C(H) induced by a metric has been considered starting with the paper by Cordes and
Labrousse [3]. They proved that the metric distance between two densely defined unbounded operators
A and B may be taken as ‖R(A)− R(B)‖. They showed that this metric defines the same topology
for bounded operators as the ordinary metric ‖A − B‖. Kaufman [12] studied a metric δ on C(H)
defined by δ(A, B) = ‖AS(A)− BS(B)‖ and discussed connections between δ-convergence and sot-
convergence. Also, he showed that this metric is stronger than the gap metric d(A, B)= ‖P(A)− P(B)‖
(see [11, p. 197]) and not equivalent to it. In [15; 17], Kittaneh and Koliha presented quantitative improve-
ments of the result of Kaufman [12] concerning equivalence of three metrics on the space of bounded
linear operators on a Hilbert space. Motivated by the results mentioned above, we define some metrics
on the set of all bounded normal composition operators in L2(6).

Let (X, 6,µ) be a complete σ -finite measure space. We use the notation L2(6) for L2(X, 6,µ). All
comparisons between two functions or two sets are to be interpreted as holding up to a µ-null set. We
denote the linear space of all complex-valued 6-measurable functions on X by L0(6). The support of a
measurable function u ∈ L0(6) is defined by σ(u)= {x ∈ X : u(x) 6= 0}. Let ϕ : X→ X be a nonsingular
measurable point transformation, which means the measure µ◦ϕ−1, defined by µ ◦ϕ−1(B)= µ(ϕ−1(B))
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for all B ∈ 6, is absolutely continuous with respect to µ, and write µ ◦ ϕ−1
� µ. Then by the

Radon–Nikodym theorem there exists a unique nonnegative sigma-measurable function h on X with
h = dµ ◦ϕ−1/dµ. Notice that σ(h ◦ϕ)= X . Let ϕ−1(6) be a sub-σ -finite algebra of 6. The conditional
expectation operator associated with ϕ−1(6) is the mapping f → Eϕ

−1(6) f , defined for all µ-measurable
nonnegative f where Eϕ

−1(6) f is, by the Radon–Nikodym theorem, the unique finite-valued ϕ−1(6)-
measurable function satisfying∫

B
f dµ=

∫
B

Eϕ
−1(6)( f ) dµ for all B ∈ ϕ−1(6).

For simplicity set Eϕ
−1(6)
= Eϕ . As an operator on L2(6), Eϕ is an orthogonal projection of L2(6)

onto L2(ϕ−1(6)). The weighted composition operator W on D(W )= { f ∈ L2(6) : u.( f ◦ϕ) ∈ L2(6)}

induced by a measurable function u ∈ L0(6) and a nonsingular self-map measurable function ϕ is
given by W = MuCϕ , where Mu is a multiplication operator and Cϕ is a composition operator, defined
by Mu f = u f and Cϕ f = f ◦ ϕ, respectively. Note that the nonsingularity of ϕ guarantees that Cϕ ,
and so W , is well defined on σ(u). It is easy to check that ‖Cϕ( f )‖µ = ‖M√h f ‖µ = ‖ f ‖h dµ for all
f ∈D(Cϕ)={ f ∈ L2(6) : f ◦ϕ∈ L2(6)}. Hence D(Cϕ)= L2(6)∩L2(h dµ). Moreover, D(Cϕ)= L2(6)

if and only ifµ({h=∞})=0, and R(Cϕ)= L2(ϕ−1(6))={ f ◦ϕ : f ∈ L2(h dµ)}. Note that every densely
defined composition operator in L2(6) is closed; see [2]. A densely defined composition operator Cϕ in
L2(6) is said to be normal if C∗ϕCϕ = CϕC∗ϕ . A good reference for information on unbounded weighted
composition operators is the monograph [1]. Here, we focus on the bounded case. A result of Hoover,
Lambert and Quinn [6] shows that W ∈ B(L2(6)) if and only if hEϕ(|u|2) ◦ϕ−1

∈ L∞(6), and in this
case, the adjoint W ∗ of W on L2(6) is given by W ∗( f )= hEϕ(ū f )◦ϕ−1. Consequently, Cϕ ∈ B(L2(6))

if and only if h ∈ L∞(6). In this case ‖Cϕ‖2 = ‖h‖∞ and L2(6)⊆ L2(h dµ), and so D(Cϕ)= L2(6).
Some other basic facts about bounded composition operators can be found in [5; 22; 23].

Let A ∈ B(H) with r(A) > 0. For 0< a < r(A)−1, we shall relate A with a series such as

Ka(A)= I + a2 A∗A+ a4 A∗
2
A2
+ · · ·

and then define Ra(A) and Sa(A). This relation has been previously used by Lambert and Petrovic [19]
in the study of spectral reduced algebras; see also [4]. In the next section, we discuss some equivalent
metrics on the set M of all bounded normal composition operators in L2(6) endowed with the quasigap
metric. More precisely, we define some metrics on M equivalent to the metric generated by the operator
norm. Similar results on densely defined closed operators between Hilbert spaces have been obtained in
[3; 10; 18].

2. Equivalent metrics on M

Let A ∈ B(H) with r(A) > 0 and let 0< a < r(A)−1 be an arbitrary but fixed number. Define Ka(A)=∑
∞

n=0 a2n A∗n An . Since limn→∞‖a2n A∗
n
An
‖

1/n < 1, the mapping B(H)→ B(H), A 7→ Ka(A) is well-
defined. Also, for any x ∈H we have

(2-1) ‖x‖2 ≤
∞∑

n=0

a2n
‖An(x)‖2 = 〈Ka(A)x, x〉 = ‖

√
Ka(A)x‖2 ≤ ‖Ka(A)‖‖x‖2.
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Then Ka(A) is positive and invertible with ‖Ka(A)‖ ≥ 1. Set Ra(A)= K−1
a (A) and Sa(A)=

√
Ra(A).

Replacing x by (Ka(A))−1/2(x) in (2-1) we obtain that ‖Sa(A)‖≤1. Thus, ‖Ra(A)‖=‖S2
a(A)‖≤1. Con-

sequently, Ra(A) and Sa(A) are positive and invertible elements of B(H), max{‖Ra(A)‖, ‖Sa(A)‖} ≤ 1,
and

(2-2) ‖Ka(A)‖ = sup
‖x‖=1
〈Ka(A)x, x〉 ≤

∞∑
n=0

(‖a A‖2)n =
1

1−‖a A‖2
·

Let Am, A ∈ B(H), 0< a0= inf{r(Am)
−1, r(A)−1

:m ∈N} and let 0< a< a0. If ‖Am− A‖→ 0, then
a2n A∗nm An

m→ a2n A∗n An for each n ∈N, and so ‖Ka(Am)−Ka(A)‖→ 0 as m→∞. But the converse is
not true. Indeed, if A1 and A2 are distinct unitary operators on H, then Ka(A1)= Ka(A2)= (1−a2)−1 I
for all 0 < a < 1. Set N = {A ∈ B(H) \ {0} : A is normal}. Let A ∈ N and 0 < a < r(A)−1

= ‖A‖−1.
Then Ka(A∗)= Ka(A)= Ka(|A|), and An and A∗n commute with Ka(A) and Ra(A). Moreover,

(2-3) Ka(A)=
∞∑

n=0

a2n(A∗A)n = (I − a2 A∗A)−1, Ra(A)= I − a2 A∗A, Sa(A)=
√

I − a2 A∗A.

Consequently, Ra(A)→ 0, Sa(A)→ 0 and ‖Ka(A)‖→+∞ as a→‖A‖−1. Let A1, A2 ∈ N. Then it
follows from (2-3) that Ka(A1)= Ka(A2) whenever A∗1 A1= A∗2 A2, for all 0<a<min{‖A1‖

−1, ‖A2‖
−1
}.

Let 0< a < b < ‖A‖−1. Then Ka(A)≤ Kb(A). Hence the net {Ka(A)}a is increasing with respect to a.
Set NC = {Cϕ ∈ B(L2(6)) \ {0} : Cϕ is normal}. It is a classical fact that Cϕ ∈ NC if and only if

ϕ−1(6) = 6 and h ◦ ϕ = h; see [5; 22]. In this case, Cϕ is injective and has dense range. Moreover,
‖Cϕ‖2 = r2(Cϕ)= ‖h‖∞ and C∗ϕCϕ = Mh . It follows that Ka(Cϕ)= M(1−a2h)−1 , Ra(Cϕ)= M1−a2h and
Sa(Cϕ)= M√1−a2h for all 0< a < ‖Cϕ‖−1. Let A, B,C, D ∈ B(H). Then

(2-4) AB−C D = 1
2(A−C)(B+ D)+ 1

2(A+C)(B− D).

In the following lemma we recall some useful operator inequalities which will be used later.

Lemma 2.1 (Kittaneh [14; 13; 16]). Let A, B ∈ B(H). Then the following hold.

(a) If A and B are positive, then ‖A− B‖2 ≤ ‖A2
− B2
‖.

(b) If A and B are positive and A+ B ≥ cI > 0, then c‖A− B‖ ≤ ‖A2
− B2
‖.

(c) ‖A∗A− B∗B‖ ≤ ‖A− B‖‖A+ B‖.

Theorem 2.2. Let {Cϕ1,Cϕ2} ⊆ NC, 0 < a < min{‖Cϕi‖
−1
: i = 1, 2} and let αa(Cϕi ) = aCϕi S−1

a (Cϕi ).
Then ‖αa(Cϕ1)−αa(Cϕ2)‖ ≤ k1‖Cϕ1 −Cϕ2‖ for some k1 = k1(a) > 0.

Proof. For i = 1, 2, put hi = dµ ◦ϕ−1
i /dµ. First observe that

S−1
a (Cϕ1)+ S−1

a (Cϕ2)= M1/
√

1−a2h1+1/
√

1−a2h2
≥ 2I.
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So by Lemma 2.1(b), 2‖S−1
a (Cϕ1)−S−1

a (Cϕ2)‖≤‖S
−2
a (Cϕ1)−S−2

a (Cϕ2)‖. Put k=‖S−1
a (Cϕ1)+S−1

a (Cϕ2)‖

and l = ‖Cϕ1 +Cϕ2‖. Using (2-2) and (2-4), we obtain

‖αa(Cϕ1)−αa(Cϕ2)‖ = ‖aCϕ1 S−1
a (Cϕ1)−aCϕ2 S−1

a (Cϕ2)‖

≤
a
2
‖(Cϕ1−Cϕ2)(S

−1
a (Cϕ1)+S−1

a (Cϕ2))‖+
a
2
‖(Cϕ1+Cϕ2)(S

−1
a (Cϕ1)−S−1

a (Cϕ2))‖

≤
ak
2
‖Cϕ1−Cϕ2‖+

al
4
‖S−2

a (Cϕ1)−S−2
a (Cϕ2)‖

=
ak
2
‖Cϕ1−Cϕ2‖+

al
4
‖S−2

a (Cϕ2)(S
2
a(Cϕ1)−S2

a(Cϕ2))S
−2
a (Cϕ1)‖

≤
ak
2
‖Cϕ1−Cϕ2‖+

al
4
‖S−2

a (Cϕ2)‖ ‖S
−2
a (Cϕ1)‖ ‖Ma(h1−h2)‖

≤
ak
2
‖Cϕ1−Cϕ2‖+

a2l2

4
‖S−2

a (Cϕ1)‖ ‖S
−2
a (Cϕ2)‖ ‖Cϕ1−Cϕ2‖

= ‖Cϕ1−Cϕ2‖

{
ak
2
+

a2l2

4
‖Ka(Cϕ1)‖ ‖Ka(Cϕ2)‖

}
≤ ‖Cϕ1−Cϕ2‖

{
ak
2
+

a2l2

4(1−a2‖h1‖∞)(1−a2‖h2‖∞)

}
.

This completes the proof with

k1 =

{
ak
2
+

a2l2

4(1− a2‖h1‖∞)(1− a2‖h2‖∞)

}
. �

Notice that ‖h1+ h2‖∞ ≤ ‖Cϕ1 +Cϕ2‖
2
≤ 2‖h1+ h2‖∞ for all {Cϕ1,Cϕ2} ⊆ NC; see [9].

Lemma 2.3. Let {Cϕ1,Cϕ2} ⊆ NC and let 0< a <min{‖Cϕi‖
−1
: i = 1, 2}. Then

‖Sa(Cϕ1)− Sa(Cϕ2)‖ ≤ k2‖Ra(Cϕ1)− Ra(Cϕ2)‖

for some k2 > 0.

Proof. Put aϕi =

√
1− a2hi . Since 0 < a2hi ≤ a2

‖hi‖∞ < 1, we get that infx∈X aϕi (x) > 0. Thus,
min{aϕ1, aϕ2} ≥ 1/n0 for some n0 ∈N. This implies that aϕ1+aϕ2 ≥ 2 min{aϕ1, aϕ2} ≥ 2/n0 := k−1

2 . Then
we obtain

‖Sa(Cϕ1)− Sa(Cϕ2)‖ = ‖Maϕ1
−Maϕ2

‖ = ‖aϕ1 − aϕ2‖∞

=

∥∥∥∥a2
ϕ1
− a2

ϕ2

aϕ1 + aϕ2

∥∥∥∥
∞

≤ k2‖Ma2
ϕ1
−Ma2

ϕ2
‖

≤ k2‖Ra(Cϕ1)− Ra(Cϕ2)‖. �

Theorem 2.4. Let Cϕi ∈ NC and 0< a <min{‖Cϕi‖
−1
: i = 1, 2}. Then

‖Cϕ1 −Cϕ2‖ ≤ k3‖αa(Cϕ1)−αa(Cϕ2)‖

for some k3 = k3(a) > 0.
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Proof. Put β = ‖Sa(Cϕ1)+ Sa(Cϕ2))‖ and γ = ‖αa(Cϕ1)+ αa(Cϕ2)‖. Using equality Ka(Cϕi )− I =
Ma2hi/(1−a2hi ) = a2C∗ϕi

Cϕi S−2
a (Cϕi ) and Lemma 2.1(c) we obtain

(2-5) ‖R−1
a (Cϕ1)− R−1

a (Cϕ2)‖ = ‖(Ka(Cϕ1)− I )− (Ka(Cϕ2)− I )‖

= ‖a2C∗ϕ1
Cϕ1 S−2

a (Cϕ1)− a2C∗ϕ2
Cϕ2 S−2

a (Cϕ2)‖

= ‖α∗(Cϕ1)α(Cϕ1)−α
∗(Cϕ2)α(Cϕ2)‖

≤ γ ‖αa(Cϕ1)−αa(Cϕ2)‖.

Then by Lemma 2.3 and (2-5) we have

‖Cϕ1 −Cϕ2‖ =
1
a
‖(aCϕ1 S−1

a (Cϕ1))Sa(Cϕ1)− (aCϕ2 S−1
a (Cϕ2))Sa(Cϕ2)‖

=
1
a
‖αa(Cϕ1)Sa(Cϕ1)−αa(Cϕ2)Sa(Cϕ2)‖

≤
β

2a
‖αa(Cϕ1)−αa(Cϕ2)‖+

γ

2a
‖Sa(Cϕ1)− Sa(Cϕ2))‖

≤
β

2a
‖αa(Cϕ1)−αa(Cϕ2)‖+

γ k2

2a
‖Ra(Cϕ1)− Ra(Cϕ2)‖

≤
β

2a
‖αa(Cϕ1)−αa(Cϕ2)‖+

γ k2

2a
‖Ra(Cϕ1)(R

−1
a (Cϕ1)− R−1

a (Cϕ2))Ra(Cϕ2)‖

≤
β

2a
‖αa(Cϕ1)−αa(Cϕ2)‖+

γ 2k2

2a
‖Ra(Cϕ1)‖‖Ra(Cϕ2)‖‖αa(Cϕ1)−αa(Cϕ2)‖

= ‖αa(Cϕ1)−αa(Cϕ2)‖

{
β

2a
+
γ 2k2

2a
‖Ra(Cϕ1)‖‖Ra(Cϕ2)‖

}
.

Since ‖Ra(Cϕi )‖ ≤ 1, then the desired conclusion holds with k3 = {β/2a+ γ 2k2/2a}. �

Lemma 2.5. Let Cϕi ∈ NC, 0 < a < min{‖Cϕi‖
−1
: i = 1, 2} and 0 < u ∈ L∞(6). Then Cϕ1 = Cϕ2

whenever MuCϕ1 = Cϕ2 .

Proof. It suffices to show that u = 1. If µ(X) <∞, then there is nothing to prove, because Cϕ1(1) =
Cϕ2(1)= 1. Set A = {x ∈ σ(u) : u(x) 6= 1}. If µ(A) > 0, then there exists B ⊆ A with 0< µ(B) <∞.
Moreover, since ϕ1

−1(6) = 6, then B = ϕ1
−1(C) for some C ∈ 6. Now choose C0 ⊆ C such that

µ(C0) <∞ and µ(ϕ1
−1(C0)) > 0. Take f0 = χC0 . Then uχϕ1−1(C0) = MuCϕ1( f0)= Cϕ2( f0)= χϕ2−1(C0).

But this is a contraction. Thus, µ(A)= 0 and hence Cϕ1 = Cϕ2 . �

Now we consider the bounded weighted composition operators on L2(6). Recall that the adjoint W ∗

of W is given by W ∗( f )= hE(ū f ) ◦ϕ−1 for each f ∈ L2(6). As an application of this adjoint formula,
we have W ∗W = MJ , where J = hE(|u|2) ◦ ϕ−1. Moreover, W is normal (see [2]) if and only if
ϕ−1(6)∩ J =6 and J = J ◦ϕ on σ(J ). Put NW={MuCϕ ∈ B(L2(6))\{0} :MuCϕ is normal}. Suppose
{Wn} ⊆ NW converges (in norm) to some K ∈ B(L2(6)). Then {W ∗n } converges to K ∗, and since the
multiplication map is continuous, then we have K ∗K = limn→∞W ∗n Wn = limn→∞WnW ∗n = K K ∗, and
so K is normal. Let W = MuCϕ ∈ NW and let 0< a < ‖W‖−1 be a fixed number. Direct computations
show that Ka(W )= M(1−a2 J )−1 , Ra(W )= M(1−a2 J ) and Sa(W )= M√1−a2 J . The previous results can be
stated in terms of weighted composition operators.



994 MOHAMMAD R. JABBARZADEH AND SEDDIGHE HAGHIGHATJOO

Definition 2.6. Let M⊆ NW. We say that M has infimum property if

a0 := inf{‖MuCϕ‖−1
: MuCϕ ∈M}> 0.

Let Cϕi ∈M. For fixed 0< a < a0, let a < a1 < a0. It is easy to see that (1− a2
1‖hi‖)≤ ‖aϕi‖

2
∞
≤ 2,

where hi = hϕi and aϕi =

√
1− a2hi . Define

δa(Cϕ1,Cϕ2)= ‖αa(Cϕ1)−αa(Cϕ2)‖, where αa(Cϕi )= aCϕi S−1
a (Cϕi )= Ma/

√

1−a2hi
Cϕi .

Note that αa(Cϕi ) is not necessarily a contraction. Indeed,

‖αa(Cϕi )‖
2
= a2

∥∥∥∥ ahi

1− a2hi

∥∥∥∥
∞

.

Moreover, δa(Cϕ1,Cϕ2) = 0 implies that MuCϕ1 = Cϕ2 , where u = aϕ2/aϕ1 . Then by Lemma 2.5,
Cϕ1 = Cϕ2 . Thus, for each correspondence a, the function δa is a metric on M. Put

l = ‖Cϕ1 +Cϕ2‖, γ = ‖αa(Cϕ1)+αa(Cϕ2)‖, p = ‖Ka(Cϕ1)+ Ka(Cϕ2))‖.

Then by Theorem 2.2, Theorem 2.4 and (2-5) we have

δa(Cϕ1,Cϕ2)≤ k1‖Cϕ1 −Cϕ2‖ ≤ k1k3δa(Cϕ1,Cϕ2),(2-6)

‖Ka(Cϕ1)− Ka(Cϕ2)‖ ≤ γ δa(Cϕ1,Cϕ2)≤ γ k1‖Cϕ1 −Cϕ2‖.(2-7)

Moreover, since Ka(Cϕi ) and αa(Cϕi ) are bounded and positive, then by (2-5), (2-6) and (2-7) we get

‖C∗ϕ1
Ka(Cϕ1)−C∗ϕ2

Ka(Cϕ2)‖ = ‖Cϕ1 Ka(Cϕ1)−Cϕ2 Ka(Cϕ2)‖(2-8)

≤
p
2
‖Cϕ1 −Cϕ2‖+

l
2
‖Ka(Cϕ1)− Ka(Cϕ2)‖

≤
p
2
‖Cϕ1 −Cϕ2‖+

lγ k1

2
‖Cϕ1 −Cϕ2‖,

‖a2C∗ϕ1
Cϕ1 Ka(Cϕ1)− a2C∗ϕ2

Cϕ2 Ka(Cϕ2)‖ = ‖α
∗(Cϕ1)α(Cϕ1)−α

∗(Cϕ2)α(Cϕ2)‖(2-9)

≤ γ ‖αa(Cϕ1)−αa(Cϕ2)‖

≤ γ k1‖Cϕ1 −Cϕ2‖.

So, we have the following corollary.

Corollary 2.7. In M, the metric δa is equivalent to the metric generated by the operator norm.

Let Cϕ ∈ M. Since for each n ∈ N, |Cϕ|2n
= (C∗ϕ)

nCn
ϕ , we have Ka(|Cϕ|) = Ka(Cϕ) and hence

S−1
a (|Cϕ|)= S−1

a (Cϕ). Consequently, |αa(Cϕ)| = αa(|Cϕ|).
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Now, let {Cϕn } ⊆M and δa(Cϕn ,Cϕ)→ 0 as n→∞. Then by (2-6) we have ‖Cϕn −Cϕ‖→ 0. But

‖|Cϕn | − |Cϕ|‖ = ‖M√hϕn−
√

hϕ
‖ ≤

∥∥∥∥ 1√
hϕn +

√
hϕ

∥∥∥∥
∞

‖Mhϕn−hϕ‖

=

∥∥∥∥ 1√
hϕn +

√
hϕ

∥∥∥∥
∞

‖C∗ϕn
Cϕn −C∗ϕCϕ‖

≤

∥∥∥∥ 1√
hϕn +

√
hϕ

∥∥∥∥
∞

‖Cϕn −Cϕ‖ ‖Cϕn +Cϕ‖.

Again by using Corollary 2.7, we conclude that δa(|Cϕn |, |Cϕ|)→ 0. It is not the case in general that
‖An − A‖→ 0 whenever ‖|An| − |A|‖→ 0. Indeed, for

An =

[
(−1)n 0

0 1

]
and A = I , we have ‖|An| − |A|‖ = 0 but ‖A2n+1− A‖ = 2. However, in our setting, if

max{‖
√

hn −
√

h‖∞, ‖M1/
√

hn
Cϕn −M1/

√
hCϕ‖}→ 0 as n→∞,

then we have

‖Cϕn−Cϕ‖ = ‖M√hn
(M1/

√
hn

Cϕn )−M√h(M1/
√

hCϕ)‖

≤ ‖

√
hn−
√

h‖∞‖M1/
√

hn
Cϕn+M1/

√
hCϕ‖+‖M1/

√
hn

Cϕn−M1/
√

hCϕ‖‖
√

hn+
√

h‖∞→ 0.

So we have the following corollary.

Corollary 2.8. Let {Cϕn ,Cϕ} ⊆M. Then the following hold.

(a) δa(|Cϕn |, |Cϕ|)→ 0 whenever δa(Cϕn ,Cϕ)→ 0; i.e., the mapping Cϕ 7→ |Cϕ| is continuous on
(M, δa).

(b) If max{‖|Cϕn | − |Cϕ|‖, ‖M1/
√

hn
Cϕn −M1/

√
hCϕ‖}→ 0, then δa(|Cϕn |, |Cϕ|)→ 0.

For Cϕ ∈ B(L2(6)) with 0< a< ‖Cϕ‖−1, the graph of Cϕ is the set G(Cϕ)={( f,Cϕ( f )) : f ∈ L2(6)}.
Now, let Cϕ ∈M. Define

Pa(Cϕ)=
[

Ka(Cϕ) −a2C∗ϕKa(Cϕ)
CϕKa(Cϕ) −a2C∗ϕCϕKa(Cϕ)

]
.

Then Pa(Cϕ) is a bounded operator on L2(6)⊕ L2(6) with R(Pa(Cϕ)) ⊆ G(Cϕ). Let A, B,C, D ∈
B(L2(6)) and k = ‖A‖2+‖B‖2+‖C‖2+‖D‖2. Put

Pn =

[
An Bn

Cn Dn

]
, P =

[
A B
C D

]
.

We recall the well-known fact (see e.g. [3]) that

‖Pn − P‖→ 0 ⇐⇒ max{‖An − A‖, ‖Bn − B‖, ‖Cn −C‖, ‖Dn − D‖}→ 0.
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Moreover, if P is positive, then

(2-10) max{
√
‖A‖2+‖C‖2,

√
‖B‖2+‖D‖2} ≤ ‖P‖ ≤

√
k ≤ 2‖P‖.

Now, we consider two other metrics on M defined as

da(Cϕ1,Cϕ2)= ‖Pa(Cϕ1)−Pa(Cϕ2)‖,

la(Cϕ1,Cϕ2)=

√
2‖Ka(Cϕ1)− Ka(Cϕ2)‖

2+ b‖Cϕ1 Ka(Cϕ1)−Cϕ2 Ka(Cϕ2)‖
2,

where b = a4
+ 1. The metric da is called, in that case, a quasigap metric, or more specifically, an

a-quasigap metric. Inspired by the matrix representation of Pa(Cϕi ) we get that

(2-11) d2
a (Cϕ1,Cϕ2)

≤ ‖Ka(Cϕ1)− Ka(Cϕ2)‖
2
+ a4
‖C∗ϕ1

Ka(Cϕ1)−C∗ϕ2
Ka(Cϕ2)‖

2
+‖Cϕ1 Ka(Cϕ1)−Cϕ2 Ka(Cϕ2)‖

2

+‖α∗(Cϕ1)α(Cϕ1)−α
∗(Cϕ2)α(Cϕ2)‖

2.

Using (2-7), (2-8) and (2-9) we obtain

da(Cϕ1,Cϕ2)≤ c‖Cϕ1 −Cϕ2‖(2-12)

for some c > 0. On the other hand we have

δa(Cϕn ,Cϕ)= ‖αa(Cϕn )−αa(Cϕ)‖

≤ ‖aCϕn Ka(Cϕn )K
−1/2
a (Cϕn )−CϕKa(Cϕ)K−1/2

a (Cϕ)‖

≤ a‖Cϕn Ka(Cϕn )−CϕKa(Cϕ)‖‖K−1/2
a (Cϕn )+ K−1/2

a (Cϕ)‖

+ a‖Cϕn Ka(Cϕn )+CϕKa(Cϕ)‖‖K−1/2
a (Cϕn )− K−1/2

a (Cϕ)‖.

But using Lemma 2.1(a) we have

‖K−1/2
a (Cϕn )− K−1/2

a (Cϕ)‖2 ≤ ‖K−1
a (Cϕn )− K−1

a (Cϕ)‖

= ‖K−1
a (Cϕn )(Ka(Cϕn )− Ka(Cϕ))K−1

a (Cϕ)‖

≤ ‖Ra(Cϕn )‖‖Ra(Cϕ)‖‖Ka(Cϕn )− Ka(Cϕ)‖

≤ ‖Ka(Cϕn )− Ka(Cϕ)‖

≤ da(Cϕn ,Cϕ),

and ‖Cϕn Ka(Cϕn )−CϕKa(Cϕ)‖ ≤ da(Cϕn ,Cϕ). Moreover, since Sa(Cϕn ) and Sa(Cϕ) are contractions,

‖K−1/2
a (Cϕn )+ K−1/2

a (Cϕ)‖ ≤ 2.

So, if da(Cϕn ,Cϕ)→ 0 as n→∞, then δa(Cϕn ,Cϕ)→ 0. On the other hand, by (2-5),

‖α∗(Cϕ1)α(Cϕ1)−α
∗(Cϕ2)α(Cϕ2)‖ = ‖Ka(Cϕ1)− Ka(Cϕ2)‖,

so by using (2-11) we get that

la(Cϕ1,Cϕ2)≤
√

2da(Cϕ1,Cϕ2)≤
√

2la(Cϕ1,Cϕ2).

In view of these observations and Corollary 2.7 we have the following corollary.
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Corollary 2.9. (i) In M, the metrics da , δa , la and the metric generated by the operator norm on M are
equivalent.

(ii) The mappings Cϕ 7→ Ka(Cϕ), Cϕ 7→ Ra(Cϕ) and Cϕ 7→ Sa(Cϕ) on M with operator norm are
continuous.

Let BC(H) be the set of all bounded linear operators on H with closed range. For T ∈ BC(H), the Moore–
Penrose inverse of T , denoted by T †, is the unique operator T †

∈ BC(H) that satisfies the equations
T ST = T , ST S = S, (T S)∗ = T S and (ST )∗ = ST . The reduced minimum modulus γ (T ) of T ∈ B(H)
is defined by γ (T )= inf{‖T x‖ : dist(x,N(T ))= 1 for all x ∈H}. Notice that γ (T )= ‖T †

‖
−1.

Lemma 2.10 [22; 8]. Let Cϕ ∈ B(L2(6)). Then the following hold.

(i) Cϕ ∈ BC(L2(6)) if and only if h = dµ ◦ϕ−1/dµ is bounded away from zero on σ(h).

(ii) CϕC∗ϕ = Mh◦ϕE , where E = Eϕ
−1(6).

(iii) If Cϕ ∈ BC(L2(6)), then C†
ϕ = Mχσ(h)/hC∗ϕ .

(iv) γ (Cϕ)= ‖1/(h ◦ϕ)‖
−1/2
∞ .

Using Lemma 2.10 and the fact that χσ(h) ◦ϕ = χϕ−1(σ (h)) = χσ(h◦ϕ) = 1, we obtain

CϕC†
ϕ = CϕMχσ(h)/hC∗ϕ = M1/(h◦ϕ)CϕC∗ϕ = E .

Put CM=M∩NC and Ei = Eϕ
−1
i (6). Define dma : CM×CM→ R+ as

dma(Cϕ1,Cϕ2)=

√
‖E1− E2‖2+‖αa(Cϕ1)−αa(Cϕ2)‖

2.

Then dma is a metric on closed subset CM of B(L2(6)). Let {Cϕn ,Cϕ} ⊆ CM. Using Corollary 2.7,
‖Cϕn−Cϕ‖→0 whenever dma(Cϕn ,Cϕ)→0 as n→∞. Now, let ‖Cϕn−Cϕ‖→0. Then by Corollary 2.7
and using the continuity of the map Cϕ 7→C†

ϕ (see [7]) on BC(L2(6)) we have ‖αa(Cϕn )−αa(Cϕ)‖→ 0,
‖C†

ϕn
−C†

ϕ‖→0, and so ‖En−E‖=‖Cϕn C†
ϕn
−CϕC†

ϕ‖→0. Consequently, dma(Cϕn ,Cϕ)→0. Moreover,
‖Cϕn −Cϕ‖→ 0 implies that γ (Cϕn )= ‖C

†
ϕn
‖
−1
→‖C†

ϕ‖
−1
= γ (Cϕ). Note that ‖Cϕn −Cϕ‖→ 0 does

not imply that ‖En − E‖→ 0. However, if max{‖h‖−1
∞
, ‖hn‖

−1
∞
} ≤ k2 for some positive integer k, then

‖Cϕn C†
ϕn
−CϕC†

ϕ‖ ≤ k‖Cϕn −Cϕ‖; see [20, Proposition 6.2]. Thus, in this case, ‖En− E‖→ 0 wherever
‖Cϕn −Cϕ‖→ 0.

Corollary 2.11. For a fixed positive integer k, the metric dma is equivalent to the metric generated by
the operator norm on {Cϕi ∈ CM : ‖hi‖

−1
≤ k2
}.

For 0< a < ‖Cϕ‖−1, the a-bisecting of Cϕ ∈M is, in our case, defined as

(C̃ϕ)a = aS−1
a (Cϕ)(I + S−1

a (Cϕ))−1Cϕ.

Put aϕ =
√

1− a2h. Then (C̃ϕ)a = Ma(1+aϕ)−1Cϕ is a normal weighted composition operator with norm
‖(C̃ϕ)a‖ = ‖(1+ aϕ)−1

√
a2h‖∞. Let Cϕi ∈M and 0 < a < a0; see Definition 2.6. If (C̃ϕ1)a = (C̃ϕ2)a ,

then MuCϕ1 = Cϕ2 where u = (1+ aϕ1)/(1+ aϕ2). Then by Lemma 2.5, Cϕ1 = Cϕ2 . Thus, the mapping
Cϕ 7→ (C̃ϕ)a from M into NW is injective and continuous with respect to the operator norm. Indeed, if
‖Cϕn−Cϕ‖→ 0, then Mhn =C∗ϕn

Cϕn→C∗ϕCϕ = Mh , and so ‖hn−h‖∞→ 0. Then aϕn→ aϕ and hence
Ma(1+aϕn )

−1 → Ma(1+aϕ)−1 . Now, the desired conclusion follows from the continuity of the multiplication



998 MOHAMMAD R. JABBARZADEH AND SEDDIGHE HAGHIGHATJOO

map in B(L2(6)). The bisecting of a closed operator A was originally introduced in [18] by Labrousse
and Mercier, in order to study semi-Fredholm operators.

Let Cϕ1,Cϕ2 ∈M. For a fixed 0< a < a0 we define the Cordes–Labrousse type transform V1,2 with
respect to the pair (Cϕ1,Cϕ2) as

V1,2 = M1/(aϕ1 aϕ2 )
− (aM1/aϕ1

C∗ϕ1
)(aM1/aϕ2

Cϕ2).

Then V1,2 ∈ B(L2(6)), V ∗1,1= I and V ∗1,2=V2,1. For f ∈ L2(6), set f1=M1/aϕ2
f and f2=aM1/aϕ2

Cϕ2 f .
By a similar argument to that used in [18, Lemma 5.3], we can show that

|‖V1,2 f ‖2−‖ f ‖2| ≤ (‖ f1‖
2
+‖ f2‖

2)la(Cϕ1,Cϕ2)

and

‖ f1‖
2
+‖ f2‖

2
=

∫
X

1+ a2h2

1− a2h1
| f |2 dµ≤ 2‖Ka(Cϕ2)‖‖ f ‖2.

It follows that (1− 2‖Ka(Cϕ2)‖ la(Cϕ1,Cϕ2))‖ f ‖2 ≤ ‖V1,2 f ‖2. In view of these observations we have
the following proposition.

Proposition 2.12. For a fixed 0< a < a0, the following assertions hold.

(i) The bisecting map Cϕ 7→ (C̃ϕ)a from M into NW is injective and continuous.

(ii) If la(Cϕ1,Cϕ2)) < 1/(2‖Ka(Cϕ2)‖), then the Cordes–Labrousse type transform V1,2 is invertible.

Example 2.13. Let X = [0, 1] with Lebesgue measure, an, k ∈ (1,+∞) and let ϕn(x) = anx + b and
ϕ(x) = kx + b. Then, for all n ∈ N, Cϕn is a bounded and normal composition operator on L2([0, 1])
with ‖Cϕn‖= 1/

√
an and C∗ϕn

= (1/an)Cϕ−1
n

. Moreover, 1≤ a0= inf{
√

an : n ≥ 1} and for each 0< a < 1,
the operator Ka(Cϕn )= (an/(an − a2))I is

scalar multiple of the identity operator. Thus, for fixed n0 ∈ N, ‖Ka(Cϕn0
)‖→+∞ as a→

√
an0 . Put

bn = an/(an − a2). Then

Pa(Cϕn )=

[
bn I (−a2bn/an)Cϕ−1

n

bnCϕn (−a2bn/an)I

]
.

If ‖Cϕn −Cϕ‖→ 0, then hn = 1/an = ‖Cϕn‖
2
→‖Cϕ‖2 = 1/k = h. Conversely, let hn→ h. It follows

that ϕn→ ϕ. Then, by the Weierstrass approximation theorem, f ◦ϕn→ f ◦ϕ uniformly on [0, 1] for
all continuous functions f ∈ C([0, 1]). Since C([0, 1]) is dense in L2([0, 1]) and ‖Cϕn‖ ≤ 1/a0 for all
n ∈ N, we have Cϕn ( f )→ Cϕ( f ) in L2-norm for all f ∈ L2([0, 1]). Also, according to the previous
discussions we have

(C̃ϕ)a = M
a/(
√

an(1+
√
(an−a2)/an ))

Cϕ, ‖(C̃ϕ)a‖ =
‖aCϕ‖

1+
√

1−‖aCϕ‖2
,

(V1,2 f )(x)=
1
c

f (x)−
a2

a1c
f
(

a2

a1
x + b

(
a1− a2

a1

))
,

where

c =

√(
a1− a2

a1

)(
a2− a2

a2

)
.
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